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Abstract 

This report presents some studies of the gauge/string theory correspondence, a deep 
relation that is possible to establish between quantum field theories with local gauge 
symmetry and superstring theories including gravity. In its original version, known 
as AdS/CFT duality, the correspondence involves = 4 Super Yang-Mills theory in 
four space-time dimensions, which is a superconformal theory with a high degree of 
supersymmetry, thus very far from describing the physical world. 

We explore extensions of the correspondence towards less super symmetric and non- 
conformal gauge theories. Specifically, we study gauge theories in three and four dimen- 
sions, with eight or four preserved supersymmetries and exhibiting a scale anomaly, by 
means of supergravity solutions describing D-brane configurations of type II string the- 
ory. We show how relevant information on these gauge theories can be extracted from 
the dual classical solutions, both at the perturbative (e.g. running coupling constant, 
chiral anomaly) and non-perturbative level (e.g. effective superpotential). 



^ Based on the author's Ph.D. thesis "Studies of the Gauge/String Theory Correspondence", Uni- 
versity of Torino, Italy, October 2003. 
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Introduction 



The physics of elementary particles, in the range of energies accessible to experiments, 
is described with very high precision by the Standard Model of particle physics. The 
Standard Model is a quantum gauge theory, that is, a quantum field theory with local 
gauge symmetry. 

This report deals with the study of quantum gauge theories in a somewhat non- 
standard way, making use of different concepts and tools drawn from the fascinating 
arena of string theory, supersymmetry and gravity. This is what goes under the name 
of gauge/string theory or gauge/gravity correspondence. 

It is a well known fact that string theory emerged as an attempt to explain strong 
interactions, and later evolved into a proposal for a theory able to incorporate all forces 
of nature into a coherent quantum framework. String theory has a lot of appealing 
properties for this role: just to give a brief list, it automatically includes gravity, does not 
present problems related to ultraviolet divergences, has no free adjustable parameters 
except for the scale, is a highly constrained and essentially unique theory, and includes 
many ideas which have been put forward in many attempts towards a unified description 
of nature, such as extra dimensions and supersymmetry. 

However, the interpretation of string theory as a putative "theory of everything" 
only makes the requirement of addressing gauge theories even stronger. In particular, 
if any sense for the description of the physical world should be given to string theory, it 
cannot avert from its ability to correctly describe the gauge theory interactions which 
are at the core of the Standard Model. 

In fact, the possibility of using string theory as an efficient tool for computing gauge 
theory amplitudes has been known since the beginning of its history. A single diagram 
of perturbation theory of the open string reduces, in the field theory limit where the 
tension of the string is taken to infinity, to a sum of Feynman diagrams of a gauge theory, 
and this opens the way to many possible simplifications or alternative derivations of 
many gauge theory results. 

During the last decade, the interplay between gauge theory and string theory has 
become even richer and fruitful. The discovery of Dirichlet branes 1_, or D-branes, that 
are new non-perturbative dynamical extended objects of diverse dimensions naturally 
present in type I and II string theories, has led to a new perspective on the way gauge 
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Figure 1.1: Strings and D-branes. 

theory is embedded in the superstring (besides of course making available a great tool 
to explore the landscape of connections between string theories via the exploitation of 
various perturbative and non-perturbative dualities). 

This new perspective on gauge theories from the string theory point of view has its 
central point in the double nature of D-branes. 

• On the one hand, D-branes admit a description in terms of perturbative open 
string theory. They are defined as p-dimensional hyperplanes on which open 
string endpoints lie. The excitations of the open strings attached to a D-brane 
thus describe its dynamics. In particular, the massless states of the open string 
spectrum both represent the collective coordinates of a D-brane and give rise to 
Si {p + l)-dimensional gauge theory living on its world- volume. 

• On the other hand, D-branes can be regarded as sources of closed string fields. 
They are non-perturbative classical solitons of string theory, solutions of the low- 
energy supergravity equations of motion. 

The deep consequences of the above complementarity of descriptions, which in some 
sense is a modern refinement of the older concept of open/closed string duality, are the 
central theme of this report. 

There is a particular example in which the twofold role of D-branes has proven 
extremely powerful for establishing a deep connection between gauge and string theory: 
it is the case of D3-branes in flat space, whose world-volume supports at low energies 

= 4 superconformal Super Yang-Mills theory in four space-time dimensions. 

A particular "near-horizon" limit of the geometry generated by the D3-branes has 
the surprising consequence of decoupling the bulk degrees of freedom from the ones liv- 
ing on the branes, while transforming the geometry into the product of five-dimensional 
Anti-de Sitter space times a five-sphere, where branes are replaced by Ramond-Ramond 
flux. 
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This is the basis of the Maldacena conjecture, or AdS/CFT duality, which states 
that Type IIB string theory on AdS^ x is dual to = 4 Super Yang-Mills theory 
El This is an exact duahty, in the sense that the partition functions of the two 
theories are defined to be equivalent. This breakthrough achievement then relates two 
drastically different theories, a gauge theory and a gravitational theory, opening new 
perspectives on both of them, and is the deepest known example of gauge/gravity 
correspondence. The importance of this duality also resides in the fact that the strong 
coupling regime of the gauge theory has its dual closed string description in low-energy 
classical supergravity, thus allowing the opening of a computable window into non- 
perturbative gauge physics. 

The AdS/CFT duality has been thoroughly tested in the recent years with great 
success. However, it is also worth pointing out one important limitation. The duality 
deals with = 4 Super Yang-Mills theory, that is very far from providing a realistic 
description of the physical world. The main features which make AA = 4 Super Yang- 
Mills theory "unrealistic" are: 

• it preserves a high amount of supersymmetry (sixteen supercharges); 

• it is a superconformal theory. 

Our interest here will be reporting on some attempts that have been pursued in 
order to generalize the correspondence beyond the above limitation. We will then study 
extensions of the gauge/string theory correspondence towards less supersymmetric and 
non-conformal gauge theories. From what we said, it should be clear that this is a 
necessary step if we have in mind that ultimately the gauge/string correspondence 
should be able to give us relevant information on gauge theories which have something 
to do with the Standard Model which describes our physical world. 

It is fair to say that, at the moment of writing, it has not yet proven possible to 
establish a full, exact duality between a gravitational and a gauge theory in the case in 
which the latter is non-conformal and preserves less than sixteen superysmmetries. 

However, this does not mean that one cannot fruitfully use gravity to study these 
more "realistic" gauge theories. In fact, here we try giving a coherent, and reasonably 
self-contained, review of a particular approach to these extensions of the gauge/gravity 
correspondence. This approach is based on finding D-brane configurations in type II 
string theory that host on their world- volume some gauge theories of interest, and to 
study these theories by means of a dual gravitational description. There are some nice 
reviews of this and related approaches IHl El E] > and of course more detailed references 
will be given in the following chapters. 

How does one engineer configurations of D-branes supporting gauge theories with 
the requested properties? From what we said above, it should be clear that in order to 
pursue this program we have to act in two directions: 

1. Reduce supersymmetry: the first step is to break part of the sixteen supercharges 
preserved by D-branes in flat space. This is achieved by appropriately choosing 
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a closed string background which breaks some amount of supersymmetry. For 
instance, one can consider type II strings on orbifolds or Calabi-Yau manifolds. 

2. Break conformal invariance: in general, the theory living on a standard D-brane 
in such a background does not present any scale anomaly yet. In order to make 
it scale- anomalous, one has to act on the open string side, by engineering config- 
urations with particular properties, as for example D-brane having part of their 
world-volume wrapped on a non-trivial cycle of the ambient manifold. 

We will study in detail several D-brane setups in type II string theory, such as "frac- 
tional" D-branes on orbifolds and on the conifold and D-branes wrapped on super- 
symmetric cycles inside Calabi-Yau manifolds. The corresponding dual gauge theories 
are three- and four-dimensional scale-anomalous theories preserving eight or four super- 
charges. Among these, there are some gauge theories of more direct "phenomenological" 
interest, such as pure M = 1 and M = 2 Super Yang-Mills theory in four space-time 
dimensions. 

Once a D-brane configuration yielding a gauge theory of interest has been con- 
structed, the next step is finding the low-energy closed string description, in terms of 
a classical supergravity solution. We will see that the careful analysis of the solution 
yields interesting pieces of information on the dual gauge theory. For example, depend- 
ing on the context and the amount of unbroken supersymmetry, one can reproduce from 
classical supergravity relevant quantum gauge theory information such as: 

• at the perturbative level: running gauge coupling constant, chiral anomaly, metric 
on the moduli space; 

• at the non-perturbative level: instanton action, gaugino condensation and chiral 
symmetry breaking, effective superpotential, tension of confining strings. 

It is clear from the above list that the study of the generalizations of the gauge/string 
theory correspondence towards realistic gauge theories is an extremely rich subject, 
whose further study might very well lead to a deeper and better understanding of 
quantum gauge theories. 

Organization of the paper 

This report is organized as follows. In chapter [21 after a brief summary of concepts and 
notations of perturbative string theory, we set the stage by introducing D-branes from 
different points of view. We introduce the perturbative notion of D-brane in open string 
theory, as a hypersurface where open strings end, and its interpretation as a solitonic 
solution of the low-energy closed string theory. This twofold nature of D-branes will be 
the central concept in all subsequent parts, and will be used to see how information on 
a gauge theory can be extracted from the classical geometry describing D-branes. This 
will be our first meeting with the gauge/gravity correspondence. Finally, concentrating 
on the case of D3-branes, we will consider the main example of the correspondence, 
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by briefly introducing the duality between M = A Super Yang-Mills theory in four 
space-time dimensions and type IIB string theory compactified on AdS^ x . 

Chapter 131 is devoted to the construction of brane configurations which allow obtain- 
ing on the world-volume of D-branes at low energies gauge theories with less than 16 
supersymmetries and a running gauge coupling, namely, in the case of four-dimensional 
theories, broken conformal symmetry. The goal of these constructions is to get in- 
formation on more "realistic" gauge theories. We will introduce some concepts about 
D-branes on non-trivial spaces, such as Calabi-Yau manifolds and orbifolds. In partic- 
ular, we will extensively study, by means of simple examples, fractional D-branes on 
orbifolds and on the conifold, as well as D-branes wrapped on super symmetric cycles. 
We will also establish some connections among these approaches, and between them 
and other approaches, such as stretched branes and "geometric engineering". 

In chapter 0] we will present our first explicit constructions of gauge/gravity cor- 
respondence away from AdS/CFT. Two simple examples will be used to explain how 
one can obtain classical solutions corresponding to fractional D-branes on orbifolds and 
D-branes wrapped on a supersymmetric cycle inside a Calabi-Yau manifold, and ex- 
tract from them information about the gauge theory living on the world-volume of the 
branes. The examples comprise a system of D4-branes wrapped on a two-cycle inside a 
Calabi-Yau twofold and a system of fractional D2/D6-branes on a C^/Z2 orbifold. In 
both cases, the dual gauge theory is scale-anomalous Super Yang-Mills theory in three 
space-time dimensions with 8 supercharges. After summarizing and generalizing the 
techniques derived with the aid of the examples, we apply them to two systems dual 
to = 2 Super Yang-Mills theory in four space-time dimensions, namely a system of 
wrapped D5-branes and one of fractional D3/D7 branes. 

Finally, chapter [21 reports on some attempts of constructing supergravity duals of 
AA = 1 Super Yang-Mills theory in four dimensions, a theory with many qualitative 
similarities to non-supersymmetric QCD. In particular, we will see how relevant infor- 
mation can be extracted for the pure N = 1 theory from two classical solutions, one 
describing D5-branes wrapped on a two-cycle inside a Calabi-Yau threefold and one 
corresponding to fractional D-branes on the conifold. Finally, we will use another solu- 
tion, corresponding to fractional D3-branes on a /'L2 x Z2 orbifold, in order to study 
N = 1 SQCD with matter in the fundamental representation of the gauge group. 

A final observation is that we will often use boxed "inserts" , either in order to present 
material which is useful for the understanding, but not directly related to the logical 
development of the text, or to briefly sketch some topics when space does not allow 
more detailed explanations. As a first example, in insert ^ on page |H1 we summarize 
some of the notations and conventions we will be using throughout the paper. 
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Insert 1. Notations 



We use the (— + + ■■■+) signature of the metric, and set ^ = c = 1. We denote 
the string length as Ig (the relation with the Regge slope is given by Ig = s/a'), and 
the closed string coupling as gg. 

When we write down space-time or world-volume actions, it is generally understood 
that the fields appearing in the action are fluctuations around the vacuum expecta- 
tion values of the fields. For instance, dilaton terms such as do not contain the 
expectation value Qs- 

We try to stick with the notation X^^ for coordinate fields in a world-sheet theory, and 
x^^ when referring gcncrically to the coordinates of a spacc-timc. However, especially 
when dealing with world-volume actions, some (usually non-confusing) mismatch of 
notation is unavoidable. In world-volume actions, we denote pull-backs of space-time 
fields with a hat. 

We define the totally antisymmetric e symbols in D dimensions as £0i2---(D-i) _ 
— eoi2 -(L>-i) = +1- A differential p-form is defined as Up = ^oj^^...fj^^dx^^'^ /\- ■ • Ada;''*', 
and its Hodge dual in D dimensions is: 



Moreover, * denotes and * denotes We will usually indicate the rank of a 
form with a subscript, as above, but we will often use just B to denote the Neveu- 
Schwarz-Neveu-Schwarz two-form of string theory. 

Finally, in order to describe configurations of D-branes, we often use diagrams as in 
the following example: 
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— denotes a direction longitudinal to the world-volume 
O denotes a compact direction longitudinal to the world-volume 
denotes a direction transverse to the world-volume 
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2 

D-branes and the Gauge/Gravity 
Correspondence 



This chapter presents a survey of some ingredients about strings and Dirichlet branes 
that we will need. A complete treatment would require a lot of space, and ours would 
anyway be inferior to others presented in many standard references. Therefore, we 
will be a bit sketchy and limit ourselves to the presentation of some basic notions, 
emphasizing just the tools and concepts that will be essential for the analysis of later 
chapters. 

2.1 Perturbative strings 

We start by summarizing some facts about perturbative superstring theory. Our goal is 
just to set up some notation - for a much more complete treatment we refer for instance 
to the standard references [HI El • Our presentation will follow quite closely the one 
given in ^1 |S] . 

The two-dimensional world-sheet action describing the space-time propagation of a 
supersymmetric string in the superconformal gauge is given by: 

5 = ^ drda (r7"^a„X^5^X^ - . (2.1) 

Some observations on this action are given below: 

• T is the tension of the string, which is related to the string length via T = „\ -2 ; 

• is the world-sheet of the string, parameterized by the coordinates = (t, a), 
where a has range a S [0, s], and the flat metric r?"^ has signature (—,+); 

• X^, /i = 0, . . . , 9 are ten world-sheet scalar fields corresponding to the coordinates 
of the target space-time; 

• fi = 0, ... ,9 are world-sheet Majorana spinors, and the matrices p'^ provide 
a representation of the Clifford algebra {/o"^,/)^} = —2rj°'^. 
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• The action is invariant under the world-sheet super symmetry transformations: 

5X^' = etpf" , = -ip'^daX'^e , dii^" = iep^'daX'' , (2.2) 

where the supersymmetry parameter e is a Majorana spinor satisfying p°^dpe = 
0. 

Let us start from the world-sheet bosons. The equations of motion and boundary 
conditions derived from ()2.1() read: 

d'^do^X^' = , (2.3) 
d^X ■ 5X\^^^ - d^X ■6X\^^^ = 0. (2.4) 

There are three different possibilities for satisfying (|2.4|l : 

• Neumann open string (N) boundary conditions. We choose s = tt and impose: 

a^X^I ^ =0. (2.5) 

l(T=U,7r ^ ' 

The most general solution of the equations of motion 1)2. 3() when Neumann bound- 
ary conditions are imposed at both endpoints of the string is: 

X^^{t, a) = x^" + 2 ls^p^'T + iV2ls^(—e-'''^ cos no] . (2.6) 

• Dirichlet open string (D) boundary conditions. We choose again s = vr and 
impose: 

SX^^l ^ =0. (2.7) 

l(T=U,7r ^ ' 

The most general solution of the equations of motion with Dirichlet boundary 
conditions at both endpoints is: 

X^^{T,a) = v2 Is y I — e smncr I . (2.8) 

• Closed string boundary conditions. We choose s = 2tt and impose: 

X^(r,0) = X^(r,27r). (2.9) 
The most general solution of the equations of motion (|2.3)1 in this case is: 

^lsed(^^ a) = x'' + l.Mr + ^4 E ^ (a^e--(-'^) + a{^e-(-+'^)) . (2.10) 

Of course, in the case of the open string, one can satisfy (|2.4|) in a variety of ways. First, 
one can choose different boundary conditions for different p,. Moreover, one can also 
impose different conditions at the two endpoints of the open string, namely Neumann 
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at one endpoint and Dirichlet at the other, and in this case one talks about mixed or 
ND boundary conditions. 

Notice that the Dirichlet boundary conditions are the only ones which do not pre- 
serve space-time Poincare invariance. In fact, as we will extensively discuss in the 
following, they describe an extended physical object in space-time. 

Passing to the fermionic degrees of freedom, it is useful to introduce light-cone 
coordinates ^-t = r it cr, in terms of which the equations of motion and boundary 
conditions read: 

d^^'^ = d^tl^l = , (2.11) 
(V+<5V'+-V'_<5V-)L^o^, = 0, (2.12) 

where ^p± = i3i£_£L^M_ the case of the open string, we can satisfy the boundary 
conditions by imposing: 

'0-(r,O) = 7/1-0+ (t,0) , V-(T",7r) = ?72V'+(T,vr) , (2.13) 

where = il- We therefore obtain two sectors of the open string spectrum: 

• 111 — ^2- Ramond (R) sector; 

• r]i = —r]2: NeveuSchwarz (NS) sector. 

The general solution of 1)2. 11() satisfying these boundary conditions is: 

,, v-^ , ,„/- _i_ \ I r G Z R sector 

V'+ ~ V V'^e-*'^^^^'") , where <^ (2.14) 
^ (reZ + i NS sector 

In the case of the closed string, the fields 'ip± are independent and can be either 
periodic or anti-periodic: 

V^_(r,0) =r/3V'-(r,27r), V'+(r, 0) = r/4V+(r, 27r) , (2.15) 

so that we have in total four different sectors: 

• ^3 = ^4 = 1: Ramond- Ramond (R-R) sector; 

• % = ^4 = — 1: Neveu-Schwarz-Neveu-Schwarz (NS-NS) sector; 

• r/3 = — r/4 = 1: Ramond-NeveuSchwarz (R-NS) sector; 

• 1J3 = —r]4 = —1: Neveu-Schwarz-Ramond (NS-R) sector. 
The general solution now reads: 

■s-^ , ^ I r G Z R sector (left-moving) 

~ VV'^^e-"^^-'"), where <^ ^ (2.16a) 

J. [ r G Z -|- 2 NS sector (left-moving) 

■^-^ ~, _i_ ^ I r G Z R sector (right-moving) 

■0^; ~ V V'^e-*'^(^+'") , where <^ 1 (2-16b) 

^ [ r G Z -|- 2 NS sector (right-moving) 
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Let us now pass to the quantum theory. The oscillators a™, a™, ipr and ipr 
act as annihilation and creation operators on the Fock space. In fact, the canonical 
(anti)commutation relations between and and their conjugate momenta imply 
the following relations for the oscillators: 

[x^p^ = ^^^^ [<,<] = m5„7?^^ {v^^f,c} = (2-17) 

with analogous relations for the tilded oscillators, and all remaining (anti)commutators 
vanishing. 

Let us start from the open string, whose vacuum \0,k) with momentum k is defined 

as: 

p^|0,A;) = F|0,fc) , a^|0,/c) = <|0, A:) = 0, Vn,r>0. (2.18) 

Notice that while the NS sector has a unique ground state, in the R sector there are zero- 
modes satisfying the Dirac algebra {V'o ) '^o} = 'H^'^ ^^^^ can thus be represented as 32 x 
32 ten-dimensional gamma matrices. This implies that the R ground state transforms 
as a 32-dimensional Dirac spinor. To describe it in more detail, it is convenient to 
choose the new oscillator basis: 

df = { (2.19) 

[^(^g^iV'o'^+i) i = 1,2,3,4 

in terms of which the algebra becomes {df^dj} = 5ij. The df act as raising and 
lowering operators on the 32 Ramond ground states, denoted as: 

|s) = |so,si,S2, 53,54) , (2.20) 

where Sj = ±i, a single df raises Si from — ^ to ^ and: 

^« l~2' ~2' ~2' ~2' "2) ~ ^ • (2-21) 

Because of the Lorentz signature of the metric, the Fock space we have just defined 
contains states with negative norm, which are physically unacceptable. To select the 
physical states, one introduces the energy-momentum tensor and the supercurrent and 
looks at their action on the states. In the light-cone coordinates, the energy-momentum 
tensor has the following non- vanishing components: 

T++ = d+X ■ d+X + ■ d+ip+ , r__ =9_X-9_X+^V'--5-V'-, (2.22) 

while the supercurrent. namely the Nother current associated to the world-sheet su- 
persymmetry transformation (|2.2|) . is: 

J+ = V+ • d+X , J_ = V- • d-X . (2.23) 
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Starting with the mode expansions of X^^ and ijj^ that we wrote above, one derives the 
expansions of T and G. The Fourier components of the energy-momentum tensor are 
the Virasoro generators: 

in = ^ ^ a-m • Otn+m + ^ X] + ^) V'-r • V^r+n , (2.24) 
m r 

where the normal ordering of the operators is understood, m,n Z and r G Z in the 
R sector and r G Z + ^ in the NS sector. In the case of Lq after deahng with ordering 
problems one obtains: 



oo 



Lo = /s V + X] ■an + '^r ip_r ■ ipr ■ (2.25) 

n=l r>0 

The Fourier components of the supercurrent are instead given by: 

Gr = ^ a-n ■ A+n ■ (2.26) 

The above modes satisfy the following super- Virasoro algebra:^ 

[Lm, Ln] = (m - n)Lm+n + jim^ - m)5m,-n , 

{Gr, Gs} = 2Lr+s + |(4r2 - l)6r,-s , (2.27) 

[Lm, Gr] = ^("T- ~ '2f )Gm+r ■ 

The physical states of the theory are the ones satisfying the following conditions: 

(Lo - a)|V') = 0, LnlV') = GriV') = 0, Vn > 0, r > , (2.28) 

where a = ^ in the NS sector and a = in the R sector. 

The mass spectrum of the theory that one obtains by deriving the Hamiltonian and 
expanding it in terms of oscillators is: 



"2 [ X] -(^n + r il^-r - Ipr) - a . (2.29) 



"n,r>0 



Notice that the first state in the spectrum, namely the NS ground state, is tachyonic 
with = --h. 

Zls 

Let us now consider the closed string. Everything is parallel to the case of the open 
string we just considered, except the fact that there are two sets of oscillators. One 
therefore needs two copies of the Virasoro algebra, two sets of physical state conditions, 
and so on. In particular, notice that the expression of Lq differs from the open string 
case and one has: 

Lo = -^P^ + ^ a-n ■an + '^r V'-r • V'r , Lo = -^p^ + ^ a-n ■an + '^r tjj-r ■ V'r . 

n=l r>0 n=l r>0 

(2.30) 



^The algebra l\'2.'27l holds in the NS sector, and also in the R sector with the redefinition Lo I/o + |. 
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The mass spectrum is given by: 



2 [ ■ + ■ "™ + V'-r • V'r + V'-r • V'r) - a - a , (2.31) 



^« "n,r>0 



and again we see that the lowest lying state is a tachyon with mass M2 = - 2 . In 
addition one has to impose the level-matching condition on the physical states: 

Lo-Lo-a + a) IV') =0. (2.32) 

The spectrum described above, both for the open and the closed string, contains a 
tachyonic state and is not space-time super symmetric. In order to achieve a supersym- 
metric spectrum and remove the tachyon one has to implement a particular truncation 
of the theory, by performing the so-called GSO projection. 

The GSO projection consists of retaining in the theory only the states which have 
even world-sheet fermion number F. For example, in the NS sector of an open string 
theory we can define the following projector: 

^NS = \ ' , Fns = ^ V'-r • V'r - 1 . (2.33) 

■r=l/2 

Using the projector (|2.33j) . we see that the tachyonic ground state is removed from the 
spectrum of the string. In the R sector, the projection acts similarly on the non-zero 



modes, and acts on the zero-modes as a chirality projection, retaining the states (|2.2i 
with: 

4 

= even (odd). (2.34) 

1=0 

Let us then examine the first level of the open string spectrum which is retained by the 
projection. From the NS sector, we get the following massless state: 

e/^(^)V'^!i/2|0>^) > k'^ = 0, k-e = 0, (2.35) 

which is a gauge vector field with transverse polarization, that has 8 on-shell degrees of 
freedom. The massless state coming from the R sector is instead: 

Us{k)\s) , k'^ = 0, k-rs'sUs = 0. (2.36) 

Thanks to the GSO projection, this state becomes a Majorana~Weyl spinor, which 
has 8 on-shell degrees of freedom in ten dimensions. We have therefore shown that 
a necessary condition for supersymmetry, namely that on-shell bosonic and fermionic 
degrees of freedom match at each mass level, is realized at the massless level. In fact, 
one can show that the full spectrum of the string is supersymmetric, but we will not 
discuss this issue here. 
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Type II theories 

Let us instead pass to the closed superstring theories. Here, we have four different 
sectors, and we need to perform the GSO projection in each. In particular, we have 
the choice of performing the same or the opposite projection in the left-moving and 
right-moving R sectors. Depending on this choice, we obtain two inequivalent theories, 
containing the following sectors, where the signs denote the parity under (—1)^: 

Type IIB (chiral): (NS+,NS+) (R+, NS+) (NS+,R+) (R+,R+) 

Type IIA (non-chiral): (NS+,NS+) (R+, NS+) (NS+,R-) (R+,R-) 

We then analyze the massless part of the spectrum of the type II theories. The 
NS-NS sector has identical content in the two theories, and a generic massless state is: 

V'^/aCi/slO,^), ^' = 0. (2.37) 
This state can be saturated with a traceless symmetric tensor: 

= 45 , ^tU"" = , k^i'J = , (2.38) 

thus giving a physical state that can be identified with a graviton h^^, in space-time. 
Alternatively, we can saturate 1)2. 37(1 with an antisymmetric tensor: 

= -4?, k^ei^^=0, (2.39) 

that gives rise to a two-form gauge potential i?2. Finally, we can obtain a scalar field, 
the dilaton by saturating (|2.37|) with: 

e^^J = ^{rj^, - k^e, - kj^) , f = e = 0, e.k = l. (2.40) 
In the NS-R sector, we have the massless vector-spinor state: 

^iMs^-i/2lO' k), k^ = kf'u^^ = k ■ rg/g£t^g = , (2.41) 

that is reducible under the action of the Lorentz group. The decomposition gives a spin 
I gravitino and a spin ^ dilatino with opposite chiralities. Exactly the same analysis 
apply to the R-NS sector, and the theory has therefore two gravitini, hence the name 
"type 11" . Finally we pass to the R-R sector, which contains again bosonic states. The 
generic massless state reads: 

UsUs\s,s) , A; • Fs'sUs = A; • Fg/g-Us = . (2.42) 

In order to analyze the properties of the above state, it is easier to turn for a while 
to a conformal field theory formulation. In fact, string theory in the superconformal 
gauge is a two-dimensional superconformal field theory. We will not treat in detail this 
approach here (a full treatment can be found for example in 0), but just mention that 
in conformal field theory each state {ip) of the theory is dual to a specific operator. 
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NS-NS sector 


R-R sector 


Type IIB 
Type IIA 




Co, C2, C4 

Ci, C3 



Table 2.1: Bosonic massless spectrum of type II superstring theories. 

called a vertex operator, which has the property that 1-0) = lim^^^^o V^'^\z, z)\0), where 
z = e*^'^"'^^ and z = e**-'^"'"'^'' are complex coordinates on the world-sheet. In our case, 
the R-R vacuum is obtained from the NS-NS vacuum via the action of the spin fields: 

|s,s) = lim S^z)S'^{z)\0) . (2.43) 
Using this together with (|2.42|1 . we can write the following decomposition: 
lim u^u-sS^{z)S'^{z)\0) 

2,2— >0 

= ^E^^^«(r^--M"^'')^^ hm 5^(z)(CT'^--'^")5^(z-)|0), (2.44) 

ra=0 

where C denotes the charge conjugation matrix. Now the analysis differs between the 
type IIB and type IIA theory, in which the two spinors in (|2.44|) have respectively the 
same or opposite chirality. In fact, it can be shown that in the case of type IIB theory, 
only terms with n odd contribute to the sum in (|2.44|) , while the situation is reversed in 
the case of the type IIA theory, where only terms with even n contribute. This means 
that the following fields: 

F^,...^„=ur^,...^^C-'u, (2.45) 

exist only if n is odd in type IIB or even in type IIA theory. Prom the above expression 
and (|2.42|1 , one also finds that the F fields satisfy the equations of motion and Bianchi 
identity appropriate for an n-form field-strength (instead of gauge potential): 

dFn = dCF)io-n = (2.46) 

(see insertion page |H1 for some of our conventions). Notice that we can interpret this 
fact by saying that perturbative type II strings are not the elementary source of R-R 
fields. Therefore, type IIB theory contains the p-form potentials Cq, C2 and C4 (with 
self-dual field strength), while in type IIA we have Ci and C3. Higher form potentials 
are related via Hodge duality to the ones we just listed. In what follows, the bosonic 
part of the massless spectrum of the type II theories will have particular relevance, and 
we summarize it in table ITTl 

Notice that we have presented in this section only two of the five known consistent 
superstring theories. This choice is dictated by the fact that we will only work with 
type II theories in the rest of this report. Apart from the type II theories, one has 
the type I 50(32) open-l-closed unoriented string theory, and the 50(32) and x 
heterotic string theories. 
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Low- energy effective actions 

Another important ingredient that we need is given by the low-energy effective actions 
of the type II superstring theories that we just reviewed. By low-energy effective action 
we mean a classical field theory action which describes the dynamics of the massless 
states of the string in the field theory limit Is 0, where the string reduces to a point 
particle. The fields appearing in the effective actions are the ones listed in table 12.11 
and one can obtain the explicit expressions by computing string amplitudes and/or 
analyzing the renormalization group functions of the string sigma-model. 

In either way, one obtains the type II supergravity actions. The form in which they 
are directly related to string theory amplitudes is given in the so-called Einstein frame, 
while the analysis of the sigma-model leads naturally to the string frame. The bosonic 
part of the type IIB supergravity action in the string frame reads: 



'lIB 



1 



A + e"2*i/3 A *H3 



1 ^ 



+ Fi A *Fi + F3 A *F3 + -F5 A *F5 - d A H3 A F3 



. (2.47) 



where k is related to string quantities via k = Svr^/^c,,;/ and: 

Hs = dB2 , Fn = dCn-1 , F3 = + Co A , F5 = + ^2 A i^a . (2.48) 



Notice that the action (|2.47)) does not take into account the self-duality of F^, that has 
to be imposed on-shell.^ The bosonic part of the type IIA supergravity action in the 
string frame is: 



(st) 
IIA 



^1 y" d'^xv^d^ / 



8e-2*(i$ A *d^> + e-^'^H3 A * H3 



F2 A *F2 -F4A *F4 + B2AF4AF4 



(2.49) 



where: 



H3 = dBo 



Fn — dCn~ 



1 5 



i*4 — i*4 — C\ A II3 . 



(2.50) 



Notice that the above expressions for the low-energy actions have a non-standard 
Einstein-Hilbert term, due to the dilaton dependence. We can write them in a more 
standard way by passing to the Einstein frame, where the physical properties are clearer, 
with the redefinition: 

e~''/'ds' . (2.51) 



^Writing a complete action for type IIB supergravity is a complicated task, and has been proven 
possible only in a complicated formalism with auxiliary fields. 
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The type II supergravity actions in the Einstein frame are then given by: 



5, 



(E) 
IIB 



2^2 



d^°xV- det G R 



+ e2*Fi A + e*F3 A *F3 + ^Fg A "F^ - C4 A F3 A F3 



1 ^ 



(2.52) 



and: 



(E) 
IIA 



- e^*/2^2 A - e*/^F4 A *F4 + ^2 A F4 A F4 |. (2.53) 

Another action that we will use in the following is the one of eleven-dimensional 
supergravity, which is supposed to describe the low-energy dynamics of the eleven- 
dimensional "M-theory", namely (in a restricted sense) the strong coupling limit of 
type IIA string theory. The bosonic field content of the theory comprises the metric 
and a three-form gauge potential ^3, and the action reads: 



^11 



1 



d^^x^/-detG R + 



F4 A *F4 - ^^3 A F4 A F4 



(2.54) 



where F^ = dA^ and ku is related to the eleven-dimensional Planck length /p = gg^^^ls 
via = 2^7r^/p^. Standard dimensional reduction on a space-like circle yields the type 
IIA action ((233). 



2.2 D-branes and open strings 

This section is devoted to the introduction of essential physical objects of string theory, 
the Dirichlet hranes or D-branes. In open string theory, they are simply defined as hy- 
perplanes where open strings end, with Dirichlet boundary conditions in the appropriate 
directions. However, we will see that there is much more about D-branes than that, and 
they will play a fundamental role in all our subsequent analysis of the gauge/gravity 
correspondence. Many of the things we will cover are for instance reviewed in the recent 
book [121. 



Strings on a circle 

We start by considering the compactification of a closed string theory on a circle. The 
most general solution of the equations of motion (|2.3() for a closed string can be written 
as: 



s \ ^ 



(2.55) 
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and the momentum is given by: 

P'' = ^{a^ + a^). (2.56) 

We saw that in the uncompactified case the two zero-modes must be identifed, Oq = 
Oq = -^P^, due to the periodicity condition under a — > a + 27r, and one gets the mode 
expansion (|2.1U|) in terms of the momentum p^. 

Now, let us compactify a single direction of the target space-time, call it X without 
indices, on a circle of radius R: 

X~X + 27ri?. (2.57) 
In this case, the momentum along the compact direction must be quantized as: 

Tl 

P=-, n£Z. (2.58) 
R 

Moreover, a closed string may wind around the compact direction X, which means that 
under o" — > a + 2tt, X needs not be single- valued, but we rather have: 

X (r, a + 27r) ~X(t, cj) +27ri?u;, (2.59) 

w being the winding number around the direction X. Taking the conditions 1)2. 58() 
and (|2.59() together, we get the following equations: 

ao + ao = V2 Is'^ , ao-ao = ^wR, (2.60) 
R Is 

implying: 

Is f n wR\ _ Is f n wR\ 

The bosonic part of the zero-mode Virasoro generators gets then modified as follows: 

r 2 7 2 / D\ 2 

^ Is 2 l-s I n wR \ \ - 

,2 , 2 / ox 2 "00 (2-62) 

^ * ^ n=l 

where p now denotes the momentum in the uncompactified directions. By using these 
expressions, one sees that the bosonic part of the mass operator reads: 

7^ 2 / idR \ ^ 
= (^^^ + ( yrj + oscillator part . (2.63) 

We therefore see that two new types of states have appeared to enrich the spectrum of 
the compactified theory. There are Kaluza-Klein modes contributing to the energy by 
^, and these would be present also in a compactified field theory. In addition, there are 
excitations generated by the winding modes of the string around the compact direction. 
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T- duality 

The formula H2.63() for the mass spectrum of closed strings compactified on a circle 
allows us to make a very interesting observation. In the limit R ^ oo, we see that the 
Kaluza-Klein modes become light, while the winding modes become infinitely massive 
and decouple from the theory, as we would expect from a decompactification limit. 
However, the new thing is that something similar happens also in the opposite limit 
R ^ 0, where the Kaluza-Klein modes decouple, but now the spectrum of winding 
modes approaches a continuum! In fact, ()2.63|) is invariant under: 

^ I 2 

n^w, R^ R=^, (2.64) 

R 

and this makes clear that, as far as the bosonic spectrum is concerned, the i? — > and 
i? — > oo limits are physically identical: the string spectrum looks like the one of an 
uncompactified theory. This symmetry of the bosonic spectrum is known as T-duality. 
Notice that exchanging winding and momentum is equivalent to the following action 
on the bosonic zero-modes: 

ao ^ ao ) oo — > — ao j (2.65) 

and this operation is extended to the bosonic non-zero modes as well, so that we can 
summarize the action of this symmetry on the coordinate field X as follows. Rearrange 
the expansion of the original coordinate field X corresponding to the compact direction 
as: 

X{T,a) = XL{T-a)+XR{T + a), (2.66) 



where: 



X,{r-a) = - + -^a,{r-a)+^-^}^-e 



(2.67) 



Prom the conditions we derived above, we see that the coordinate X to be used in the 
T-dual description must satisfy: 

d^X = -daX , d^X = -drX. (2.68) 

This fact identifies the T-dual coordinate to be: 

X{T,a) = XL{T-a)-Xn{T + a), (2.69) 

in terms of the expressions (|2.67|) . 

So far we have shown that T-duality is a symmetry of the bosonic part of the 
spectrum, but we have to see how it acts on the fermionic part of a type II theory. Its 
action can be fixed by requiring superconformal invariance on the world-sheet, which 
implies: 

V'+ ^ V+ , V'- ^ -V'- , (2.70) 
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or, in terms of oscillators: 



ll)^ ^ , Ipr ^ —i^r ■ (2-71) 

The important thing to notice is that these transformations reverse the chirality of 
the ground state in the right-moving R-R sector. This means that, since the bosonic 
spectrum is unchanged under T-duality, if we start with type IIA theory on a circle of 
radius i?, we end up with type IIB theory on a circle of radius and vice- versa. This 
easily extends to the case of taking a T-duality in several dimensions. If we start with a 
given type II theory, we reach the other type II theory with an odd number of T-duality 
transformations, while with an even number we land back on the original theory. We 
can then say that the type II theories are decompactification limits of a single space 
of compact theories. In fact, the relation (|2.64j) implies that in a compactified string 
theory we can limit ourselves to consider the region R> Is, and this is the reason why 
Is is often referred to as the minimal length of the theory. 

Since T-duality transforms type IIA into type IIB theory and vice-versa, the whole 
spectra of the two theories must map onto each other. This can in fact be seen to 
be true from a string theory perspective, but we just limit ourselves to see how the 
massless fields, namely the ones appearing in the supergravity actions 1)2. 47|) and 1)2. 49() 
are transformed into each other jl3j . In particular, we find that the odd rank R-R 
potentials are mapped onto even rank potentials and vice-versa. We limit ourselves to 
the case of a T-duality along a single direction, say X^, while the indices /i, v span 
the untouched directions. Denoting the fields of the theory which lies at the end of the 
T-duality transformation with a hat, the formulae read: 

r - ^ ,2'l _ r< _ -^^9 a _ G^g 

^99 — -pr~ ' 6 — 7^ — ' — ~Fi — ) "Ai9 — 7; — ) 

Lr99 t-^99 Lf99 ^^99 

A _ _ GfM9Gu9 — Bf^gB,yg - _ n _ B^gG^g — G^gij^Q 

<-^99 ^-^99 

(r\ -(r \ (r, ia(^ViV:H9^H9 



Ggg 

(r \ -ir \ ^^(r \ r -L„r^ ^^ {Cp-i\p,...^\gB\^\gG\^ 

{<~^p)ti-iyaP9 — [<~^p+l)ti-ual39 + PlL-p-l j[/i-i/a-D/3]9 + P{P - -^j 7; 



(2.72) 



T-duality for open strings: D-hranes 

It is natural to ask if and how T-duality extends to a theory with open strings too. 
Open strings do not satisfy any periodicity condition, and they clearly cannot wind 
around a periodic direction. Therefore, in their spectrum we will find the Kaluza-Klein 
modes but no winding modes, and this means that the i? — > limit looks physically 
very different from the decompactification limit i? — > oo. 

However, this looks puzzling when we recall that theories with open strings auto- 
matically include closed strings too, since loop diagrams of open string theory such as 
the annulus can be also regarded as closed string diagrams (this is made precise via a 
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modular transformation of the string amplitudes). How is then possible that, in the 
R ^ limit of a compactification, the closed strings "feel" all the directions as un- 
compactified, while the open strings effectively see a direction disappearing due to the 
decoupling of the Kaluza-Klein modes? After all, open and closed strings are mostly 
indistinguishable, at least in every point along their length, except the endpoints of the 
open string. 

This puzzle can precisely be solved by implementing our latter argument. Since 
the difference between an open and a closed string lies in the endpoints of the former, 
we can think of the endpoints of the open strings to be confined to a hyperplane in 
space-time. 

To clarify what we mean, consider open and closed strings living in D spatial di- 
mensions, and compactify one direction on a circle of radius R. In order to perform 
the i? — > limit, we had better take a T-duality transformation, leading to a theory 
compactified on the dual circle R = and then take the decompactification limit 
R — > cxD. In the T-dual description, we have to use the coordinate X defined in 1)2. 69(1 
(which is also valid for the open string provided we correctly identify the left and right- 
moving oscillators), and we see from (|2.68j) that a Neumann boundary condition for X 
is transformed into a Dirichlet boundary condition for XI 

This exactly means that, in the T-dual theory, the open strings endpoint are confined 
to live on a p-dimensional hyperplane, where p = D — 1. This hyperplane takes the 
name of Dirichlet p-brane, or Dp-brane, from the fact that the open strings attached to 
them satisfy Dirichlet boundary conditions on the directions which are transverse to the 
world- volume of the hyperplane Jj. It is clear that, since a T-duality transformation 
exchanges Neumann and Dirichlet boundary conditions, an additional T-duality made 
on a longitudinal direction yields a D(p — l)-brane, while a T-duality in a transverse 
direction changes a Dp-brane into a T){p + l)-brane. 

We have introduced D-branes as rigid hyperplanes where open string endpoints lie, 
but the excitations of such open strings make D-branes fully dynamical objects in string 
theory. Among these excitations, the massless ones have the important peculiarity of not 
changing the D-brane energy, and they can therefore be seen as collective coordinates 
of the brane. Let us then consider the massless spectrum of the open strings attached 
to a single Dp-brane. In the following (as reported in insertion pagelSJ, we will often 
represent a D-brane configuration by means of a table like the following one, where the 
symbols — and • denote resepectively directions which are longitudinal and transverse 
to the world-volume of the Dp-brane: 





••• p 


p+1 • • • 9 


Dp 







We split the ten space-time coordinates as follows: 

• a;" , a = 0, . . . ,p : directions belonging to the world- volume of the Dp-brane; 

• X* , i = p + 1, . . . , 9 : directions transverse to the world-volume of the Dp-brane. 
The brane is thought to be, for example, at the point = 0. 
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The open string states at the massless level are given by: 



NS states 



1 vector A' 



R states 



9 — p real scalar s 



So, si, 52, 83,54) 



16 fermions 



These states comprise precisely the vector multiplet of a (p + l)-dimensional gauge 
theory with gauge group U{1) and sixteen preserved supercharges. This is one of the 
most important facts about D-branes: the low-energy dynamics of the lowest-lying open 
string states on a Dp-brane describes a gauge theory living in a (p + l)-dimensional 
space-time. The scalars <I>* describe the shape of the hyperplanes, and in fact they are 
precisely related to the embedding coordinate fields as: 



Notice that T-duality exchanges gauge field components with scalar fields. This can 
be explained in more detail by introducing appropriate Wilson lines in the toroidal 
compactification, see for example 

The analysis can be extended to the case of more than one D-brane. Consider 
for example two parallel Dp-branes placed at the same point = y* in the common 
tranverse space. In addition to the open strings starting and ending on the same brane, 
we will also have strings stretching between the two different branes, with the two 
possible orientations. This configuration can be represented by introducing a 2 x 2 
Chan-Paton matrix A labeling the generic open string state: 



in which the matrix elements refer to the open strings attached to the first brane or to 
the second brane (denoted with a prime). Repeating the analysis above, we can easily 
see that the massless open string states fill precisely the vector multiplet of a C/ (2) gauge 
theory in p -|- 1 dimensions. In fact, if the two Dp-branes were separated in transverse 
space, the states with an off-diagonal Chan-Paton matrix A would represent massive 
W-bosons, and the gauge symmetry would be broken down to ^7(1) x U{1). When the 
two branes coincide, the W-bosons become massless and a full U{2) gauge symmetry is 
recovered. 

This construction can of course be generalized to N D-branes. Summarizing, the 
low-energy theory on a stack of coincident Dp-branes is {p + l)-dimensional Super 
Yang-Mill theory with sixteen supercharges and gauge group U{N). 

Moving a brane off the stack, say from = to a generic point in transverse 
space, corresponds to giving a non vanishing expectation value to the scalars in the 
vector multiplet of the gauge theory, x* = 27r/s^*I**, and this breaks the gauge symmetry 
to U{N — 1) X U{1) via the Higgs mechanism. 



(2.73) 



A® "oscillators" |0,A;) 




(2.74) 
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Figure 2.1: D-branes are dynamical hyperplancs where open strings end. a) The low-energy 
dynamics of the massless open string states on a single D-brane gives a U{1) gauge theory; h) 
The theory living on a stack of N coincident D-branes has gauge group U{N). 

D-branes and Ramond-Ramond charges 

We have seen that D-branes are physical objects of string theory, described by the fact 
that open strings are attached to them, and that the fluctuations of the open strings 
on the branes at low energy give rise to supersymmetric gauge theories. 

In fact, the study of the gauge theory spectrum is an easy way to point out the 
remarkable fact that D-branes preserve half of the supersymmetries of flat space, namely 
16 supercharges out of 32. This can be confirmed at all levels by a careful analysis. 
This means that D-branes are BPS states. An important property of BPS states in 
supersymmetric theories is that they must carry conserved charges, and in fact there is 
one (and only one) set of charges which is appropriate for coupling to D-branes, namely 
the antisymmetric Ramond-Ramond charges pp. In fact, the l)-dimensional world- 
volume Aip+i of a Dp-brane naturally couples to a {p + l)-form potential Cp+i in the 
R-R sector via the following minimal coupling: 

^^p [ Cp+i , (2.75) 

where /ip is a coupling to be determined in terms of string quantities. We mentioned 
in section l2T] that strings are not the fundamental sources of R-R fields, and now we 
have seen that string theory also contains objects, the D-branes, which play this role. 
Notice that the fact that R-R potentials Cp do not exist for any p in each type II theory 
restricts the possible spectrum of D-branes in type IIA and type IIB superstring theory, 
as summarized in table 

In the next section, we will study in more detail the relationship between the fields 
living on a D-brane and the closed string fields, by deriving the D-brane world- volume 
action. 
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Type IIA 


Type IIB 


D-branc 
R-R potential 


DO D2 D4 D6 D8 

Ci C3 C5 C7 Cg 


D(-l) Dl D3 D5 D7 
Co C2 C4 Cq Cs 



Table 2.2: The spectrum of D-branes in type II theories. Notice that the D9-brane is not 
present in the standard type IIB theory since it would imply charge anomalies, but can exist in 
orientifolds thereof. The IIB D(— l)-brane, coupled to the R-R scalar Cq, is a "D-instanton" , 
since it is a localized configuration in (euclidean) time. 

2.3 The D-brane world- volume action 

We have seen that the massless string states on a Dp-brane form the vector multiplet 
of a (p + l)-dimensional gauge theory with 16 supercharges. It is natural to ask how 
one deals with the dynamics on the world-volume of a D-brane at low-energy, and in 
particular how the theory on the brane "feels" the geometry of the bulk of space-time. 

There are several ways to derive the effective action for the low-energy dynamics 
of the theory living on a D-brane. One can compute string disk amplitudes and insert 
closed string vertex operators, thus extracting the coupling between open and closed 
strings. Alternatively, one can derive those couplings by means of the boundary state 
formalism that we will shortly mention in the next section. Here, for the sake of brevity, 
we will instead derive the action somewhat heuristically by means of T-duality as in [Hj . 

Let us start with the coupling to the metric and dilaton. A Dp-brane has a (p + 1)- 
dimensional world-volume, and the action will come from low-energy open string disk 
amplitudes which go as gs~^- We therefore expect a coupling of the form: 

Sdp = -Tp [ <P+^i e-*^-detC,fe + . . . , (2.76) 
Jm 

where a = 0, . . . ,p parameterize the world- volume directions, Tp is the tension of 
the brane (on which we will have some more to say later on) including a factor of gs~^, 
and Gab is the pull-back of the space-time metric onto the world- volume of the brane: 

= 'g^'g^^f''' ■ (^•'"^) 

The next step is to consider the coupling to the B-Reld and to the world-volume 
gauge field Aa- In order to find it, we consider the specific example of a D2-brane 
extended along the and directions, and turn on a constant field strength F12 on 
the world-volume. Let us also choose a gauge in which A2 = x^Fi2. A T-duality along 
the direction x"^ will give a Dl-brane with: 

= 27r/^2^2 = 2ttIs'^x^Fi2 . (2.78) 

We can interpret this result by saying that the Dl-brane is tilted at an angle: 

9 = tan~^ {2ttIs'^Fi2) , (2.79) 
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with respect to the X'^ direction. This means that we have the following geometrical 
piece coming inside the world- volume action of the Dl-brane from ()2.77|) : 

j dxVl - = j dx'^l + {27Th^Fi2y. (2.80) 

This result may be generalized by boosting a D-brane to be aligned with the coordinate 
axes and then bringing Fab to a block-diagonal form, obtaining a product of factors 
similar to the one we just found. We therefore expect a term such as: 

J dP+^x^det{r]ab + 27rh^Fab). (2.81) 

Now, on the one hand we have to covariantize the term (|2.8H) in order to incorpo- 
rate the coupling (|2.7(i|) . On the other hand, we have to be careful about preserving 
space-time gauge invariance, and this requires that F and B2 appear in a specific com- 
bination in the action. In fact, a space-time gauge transformation of the form 6B2 = dQ, 
where C, is an arbitrary one-form, will give a surface term in the sigma-model action 
describing the string in the background. This has to be cancelled by an appropriate 
gauge transformation of A, that can be seen to be 5 A = -C/27r/,2. The gauge- invariant 
combination we have to consider is then B + lirlg'^F. All these ingredients suggest the 
following form for the action: 

SDBi = -Tp[ rfP+i^ e-*^det(G,b + Bab + 2TTl,^Fab) , (2.82) 

where hats denote pull-backs of bulk fields onto the world- volume of the brane, as 
in 1)2. 77(1 . and we have introduced generic coordinates ^ on the world- volume, not nec- 
essarily tied to the coordinate axes in space-time. The above action is known as Dirac- 
Born-Infeld action, and describes the low-energy dynamics on the world-volume of a 
Dp-brane for arbitrary values of the background fields in the NS-NS sector. 

We are not done yet, since we have to consider the couplings in the R-R sector. 
As we already anticipated, the fundamental coupling of a Dp-brane, as a p-dimensional 
object, is the following one to a (p -|- l)-rank potential 1)2. 75() : 

I^P [ Cp+i , (2.83) 

where fip is the R-R charge of the D-brane in appropriate units, and the hat again 
denotes the pull-back of the C-field onto the world-volume. The term 1)2. 83() does not 
give the complete answer, however, and we can compute the additional terms again by 
means of T-duality. Let us consider a Dl-brane tilted in the (X^, X^)-plane. The com- 
putation of the pull-back of C2 will give the following expression for the coupling (|2.83|) : 

j dx^'dx' ((C2)oi + dix\C2)o2) , (2.84) 
that under a T-duality in the direction x^, using ()2.72)) . becomes a term like: 

J dx'^dx^dx^ ((C3)oi2 + 27Tls^Fi2iCi)o) . (2.85) 
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For higher dimensional branes, this procedure can be generaUzed to lower rank poten- 
tials. Recalling the gauge-invariant combination of B2 and F that we have to use, we 
can guess the final Wess-Zumino term of the action |141 115j : 

5wz = Mp/" J^C.Ae™^'^, (2.86) 

where the sum is meant to pick up the terms in the expansion corresponding to {p+ 1)- 
forms, which give a non-vanishing result to the integral over the world-volume. 

The world-volume action for a Dp-brane is then given by the sum of the Dirac- 
Born-Infeld part (|2.82|) and the Wess-Zumino part (|2.86|) : 



Sbp = -Tp ! dF+^i e-*./- det (Cab + Bab + 2^?s'i^c 

JMp+i g 



(2.87) 



plus the supersymmetric completion describing the coupling to the fermions, that we 
will not discuss here. Since we will use it in both versions, let us also write the equivalent 
expression in the Einstein frame: 



SS! =-rp [ dP-^'( e^*./- det ICab + e-*/^ (B^b + 2txIs^F, 

JMp+i V L \ 

JMp+i q 



(2.88) 



In addition to the terms that we just uncovered, the world-volume action may 
contain additional parts. In particular, since we recovered anomalous gauge couplings 
in (|2.87|) . we might expect that there are also anomalous couplings associated to higher 
corrections in the curvature R. These can in fact be shown to be present |16[ I17j. but 
we will not discuss them since they will be of no relevance to the examples we are 
interested in. 

So far, everything we considered was for a single Dp-brane. What happens if we 
put N D-branes on top of each other? The precise answer to this question, as far 
as the world- volume action is concerned, is not known at the moment of writing. The 
world- volume fields Aa and X* representing the collective motions of the branes become 
matrices valued in the adjoint representation of U{N). In particular, this means that 
the transverse coordinates are really to be regarded as N x N matrices, and this has 
a series of non-trivial consequences, such that, for example, the pull-backs of the bulk 
fields should be done using the covariant derivative, or that the action acquires terms 
of order [X*,^-'] and [j4a,X*]. Another problem is the precise prescription one has to 
use in order to perform the trace that is needed for getting a gauge invariant quantity 
to use in the action. A possible prescription is given by the use of the "symmetrized 
trace" ^S], but it has been shown that this procedure gives rise to some ambiguities. 
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Without entering into the details of the non-abehan extensions of ()2.87|) . there is one 
important observation that we can make, and that follows for example unambiguously 
from the symmetrized trace prescription. By expanding any non-abelian extension 
of (|2.87l) in a flat space background up to second order in the gauge fields, one sees that 
the leading order reproduces the bosonic action of (p+l)-dimensional Super Yang-Mills 
theory: 



SsYM = / dP^'( Tr 



(2.89) 



We will not be precise here about this derivation and the relation of the coupling 
constant to string theory quantities, because we prefer to face this issue from a slightly 
different prespective which will shed some light on what we mean by gauge/gravity 
correspondence. This will be done in section [731 

The D-hrane tension and charge 

It remains to determine the coefficients Tp and jjLp appearing in the world-volume ac- 
tion (|2.87|) . namely the tension and the R-R charge of a Dp-brane. In order to derive 
them, we need to perform the computation of the string vacuum amplitude between 
D-branes Let us then consider two parallel Dp-branes, respectively located at = 
and = y*. The one- loop planar free energy for an open string with 9 — p Dirichlet 
boundary conditions is given by the Coleman-Weinberg formula: 



1 dt 
F = -2 X - TV ln(Lo - a) = - TrNS-R 
^ Jo t 



^ + ^-27vt(LQ-a) 



(2.90) 



where we have taken into account the GSO projection and the two possible orientations 
of the open strings. Lq contains an additional term due to the energy of the strings 
stretched between the two branes: 

Lo = V + . ^2 + • «n + ^^-r- ' V'r , (2.91) 

^ ^ n=l r>0 

where now p only denotes the momentum in the longitudinal directions. The explicit 
computation of the trace in the various sectors gives the following final result: 

Jo ji[qr 

where Ip+i is the (infinite) volume of the brane, q = e"^'^* and: 

oo oo 
fl{q) = q"^' 11(1 - q-) , h{q) = V2q''^' + q^ , 

n=l n=l 
oo oo 

Ml) = q-'"' 11(1 + , ;^(,) = ,-1/48 -Q(i _ ,n-l/2) _ 
n=l n=l 



(2.93) 
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The amplitude (|2.92() vanishes due to the "abstruse identity" satisfied by the func- 
tions fi{q), and this means that there is no force between two parallel D-branes of 
equal dimension, as it should be because of super symmetry. However, we can extract 
information about tension and charge by noting that the one-loop amplitude we just 
computed is an annulus diagram, which can also be regarded as a closed string tree-level 
amplitude, with the topology of a cylinder and representing the emission and successive 
reabsorption of a closed strings by a D-brane. This is made explicit by implementing 
the modular transformation t — > s = 1/t to the closed string channel. The vanishing 
of the amplitude (|2.92j) is then interpreted as the mutual cancellation of the attractive 
forces (of gravitational type) due to the fields in the NS-NS sector of the closed string 
and the repulsive forces (of electromagnetic type) due to the fields in the R-R sector: 

F = ^NS-NS + ^R-R = . (2.94) 

In the limit s — > oo, the amplitude is dominated by the lightest closed string fields, 
namely the massless ones. We can therefore expand the result (I2.92|) (after the modular 
transformation) obtaining: 

Am-NS = -Ak-r ^ Vp+i 27r(47r2/,2)3-P Gg.p{y) , (2.95) 

where Gd{y) = ^T (| — l) is the scalar Green's function in d dimensions. 

In order to obtain the tension and charge of a D-brane, we can compare the re- 
sult 1)2. 95(1 with a field theory computation, namely the amplitude for the exchange of 
a graviton, dilaton and R-R field between two D-branes. The two ingredients we need 
are the propagators and coupling, and we will obtain the former from the supergravity 
actions (|2.52j) and (|2.53|) in the Einstein frame, and the latter from the world-volume ac- 
tion (|2.88|) . After some calculations, one gets the following propagators for the graviton 
h^j,y and dilaton <I> with momentum k: 



Ih h \-_^ 



(<I><I>) = -^. (2.96) 



The two Feynman diagrams corresponding to the exchange of graviton and dilaton sum 
up to the following expression in position space: 

A = 2Vp+i T^K^ G9_p(y) . (2.97) 

The comparison with ^ns-ns then gives the following value for Tp-. 

We can perform the same comparison for the exchange of the R-R field Cp+i, and 



with the normalizations that we use in the world- volume action (|2.88j) we finally get: 

fip = Tp. (2.99) 

This completes the determination of the world-volume action, since we have expressed 
all parameters in terms of the string quantities Qs and Is- 
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2.4 The geometry of D-branes 



In the previous sections, we have reviewed the fundamental fact that the new objects 
of string theory called D-branes admit a perturbative description in terms of the open 
strings which are attached to them. 

However, the fundamental importance of D-branes resides mainly in the fact that 
they have a twofold interpretation. We have already seen that they couple to closed 
strings, being in fact the fundamental objects charged under the R-R gauge potentials, 
and that the one-loop vacuum energy between two D-branes can be also interpreted as 
the tree- level exchange of a closed string between the branes. This is the basis of what 
is called open/closed string duality, that implies that D-branes can be also described as 
boundaries of the conformal field theory of closed strings. This approach associates to 
every D-brane a state in the theory known as the boundary state, which is very useful 
for analyzing various properties of D-branes, such as deriving in an alternative way 
their world-volume action, and also for a different approach to what we will treat in the 
present section |191 l2Uj . Here, we do not have the space of describing this formalism, 
which is nicely reviewed for instance in |1H I21j . 

One of the main consequences of the closed string description of D-branes is that 
they can be regarded as classical solitons of the low-energy supergravity theories. In 
fact, the discovery of classical solutions of the low-energy string equations of motion 
describing extended p-dimensional solitonic objects charged under the R-R fields, called 
p-branes |22l I23j . preceded Polchinski's fundamental observation about the description 
of D-branes via open strings. One of the major advances of was precisely the iden- 
tification of these solitonic solutions with the D-branes required by T-duality. This 
twofold interpretation, which we stress again will be crucial in the following, is depicted 
in figure IT^ 



Let us then look for solutions of the low-energy type II supergravity actions (|2.52|) 
and (|2.53j) with these properties. Here we will not treat the problem of brane-like 
solution in much generality, but just derive the solution corresponding to extremal 
p-branes. A very nice reference about brane solutions in string and M-theory is |24j . 

Our starting point is given by a consistent truncation of one of the two type II 
supergravity actions (in the Einstein frame), containing only one {p + 2)-form field- 
strength Fp^2 (coming either from the NS-NS or the R-R sector), the metric and the 
dilaton: 



5ii = ^1 y AV-detG R-^J[d<^A*d^ + e-"*Fp+2 A *Fp+2 



(2.100) 



where a is an appropriate constant related to the rank of the form, as in 1)2. 52() . (|2.53() . 
Since we are looking for a solution describing an object extended in the directions 
x^, . . . ,x^, we divide the coordinates in two groups and make some assumptions: 



x", a = 0, . . . ,p, are the coordinates along the brane world- volume. We require 
that the solution preserves Poincare symmetry in this {p + l)-dimensional space; 
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Figure 2.2: The two-fold interpretation of D-branes. a) D-branes are hyperplanes where open 
strings end; b) D-branes are boundaries of the superconformal theory of cfosed strings, and 
solitonic solutions of the low-energy effective action of closed string theory, charged under the 
Ramond-Ramond fields. 

• X*, i = p -|- 1, . . . , 9, are the coordinates transverse to the brane world-volume. 
We require that the solution preserves rotational 50(9 — p) symmetry in this 
(9 — p)-dimensional space. The brane appears as a point in transverse space. 

An ansatz compatible with the above hypotheses is: 

ds^ = e2^(^) rjaf^dx^'dx'^ + e^^^^^ 6ijdx'dx^ , $ = $(r) , (2.101) 

where r = (x^x*)^/^ is the radial coordinate in the rotationally symmetric transverse 
space. For the {p + 2)-form we can choose either an electric ansatz, thus realizing a 
coupling like (|2.75|) or a magnetic ansatz, namely an electric ansatz for the Hodge dual 
field strength * Fp^2 = {* F)s~p. This corresponds to looking either for the solution of 
a p-brane or for the one of a (6 — p)-brane, which is its electric-magnetic dual object. 
The simplest form for the electric ansatz is: 

Cp+i = (e^^*^) -1) dx^ A--- AdxP . (2.102) 

One then substitutes the above ansatz into the equations of motion. The final 
important ingredient is given by the fact that the correct normalizations are obtained 
by using the world-volume action (|2.87|) as a source term added to the supergravity 
action (12.1001) : 

S = Su + Sbp, (2.103) 

where S-^p is written as an integral over the ten-dimensional space-time by means of 
suitable delta functions in the transverse directions. This has the effect of fixing the 
functions A{r), B(r) and C(r) in terms string parameters, via the quantity Tp appearing 
in the world-volume action. 
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The solution of the equations of motion, when -Fp+2 is interpreted as a R-R field 
strength, yields the following field configuration of type II supergravity: 

ds"^ = Hp{r)~~8^ riaisdx^'dx^ + Hp{r)^ 5ijdx^dx^ , 



e* = Hpir)'-^ , (2.104) 



Cp+i = {Hp{r)~^ - 1) A • • • A dxP , 
where Hp[r) is a harmonic function in the transverse space given by: 

H,{r) = 1 + ^ , Qr>= , (2.105) 

where VLq = {2ti)^'^^^^/'^ /T{{q + l)/2) is the volume of a unit g'-sphere and the above 
expression is valid for p < 7. Notice that by "factorizing the Newton constant" in Qp 
one can easily read the tension of the p-brane, which is equal to Tp, namely proportional 
to gs~^. This again nicely fits with the fact that Dp-branes are non-perturbative con- 
figurations of string theory that, given the dependence on the coupling, have no direct 
analogue in field theory. In fact, this result agrees perfectly with the appearance of Tp 
as a coefficient of the Dirac-Born-Infeld action, as well as with the interpretation of 
D-branes in open string theory. Finally, the R-R charge of the brane can be extracted 
by computing: 

Qp = f *dCp+i = V2KTp . (2.106) 

V2k Js»-p 

The fact that the charge is equal to the tension (in appropriate units) is a manifestation 
of the BPS property of Dp-branes. We also see that QpQe-p = 27r, which is the 
correct Dirac quantization relation for electric-magnetic dual objects such as a Dp and 
a D(6 — p)-brane. 

Notice also that the metric of the solution (|2.1U4() can be written in the string frame 
in an even simpler form: 

ds^ = Hp{r)'^/^ i]o,pdx'^dx^ + Hpirf^ 6ijdx'dx^ . (2.107) 

Let us make some observation on these D-brane geometries. First of all, we can 
generalize the solution 1)2.1041) to the case of the geometry generated by A'^ coincident 
BPS p-branes easily, by changing Qp — > NQp in (|2.105|) . and this will be useful later 
on. Next, we notice that all these solutions (for p ^ 3) present a horizon at r = 0, 
which is in fact a singular place of zero area. Instead, in the case of N D3-branes one 
can see that the inverse quartic power of r appearing in (|2.1()5jl yields a cancellation 
between the vanishing of the horizon size and the divergence of the metric, leaving a 
horizon of finite size rn = 

/,(47r5,A^)V4. We will see some of the relevance of this fact 
in section [T^ As a final remark, notice that the expression (|2.104() is not accurate for 
the case of D3-branes since it does not take into account the self-duality of -F5. We have 
therefore to rewrite the solution in the following form: 

ds^ = F3(r)-i/2 n^^dx^dxf^ + H3{r)^/^ 6ijdx'dx^ , 

= 1 , (2.108) 
F5 = dHsir)-^ A A . . . A (ix^ +*{dHs{r)-^ A dx^ A ■ ■ ■ A dx^) . 
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F-strings and NS5-branes 

Since we started looking for classical supergravity solutions describing p-dimensional 
charged objects, we may wonder if there are any more of them. In fact, we did not 
consider the possibility of objects charged under the NS-NS two- form potential i?2- For 
instance, we know that the perturbative string of section ITT] is the fundamental electric 
source B2, and we could look for its magnetic dual, namely a five-dimensional object 
electrically charged under an NS-NS six-form potential Bq. In fact, both solutions can 
be found, and we will summarize them here together with some observations. 

Imposing an electric ansatz for B2, one finds the following classical solution for the 
F-string (that could also be called a "NSl-brane", namely a one-brane charged under 
the NS-NS field B2) in the Einstein frame: 

ds"^ = ^i(r)-3/4 jj^^dx^'dx^ + Zi(r)^/4 dijdx'dx^ , 
e* = Zi(r)-i/2^ (2.109) 
B2 = {Zi{r)-'^ - 1) dx^ Adx^, 

where Zi{r) is again a harmonic function in transverse space given by: 

^1(0 = 1 + ^, ^^ = IV' ^'-''^^ 

where T = ^ is both the tension of the perturbative string and of the F-string. In 
fact, they can be seen as complementary descriptions of the same object (but notice 
the fact that the classical solution describes a string of infinite length). 

The magnetic dual of the F-string is the NS5-brane, whose solution in the Einstein 
fxctniG rGcLcis' 

ds^ = Z^ir)-^/^ 7]^pdx'^dx^ + Z^{rf/^ 6ijdx'dx^ , 

e* = ^5(r)^/^ (2.111) 
Bq = {Z^ir)-^ - 1) A • • • A fi2;^ 

where: 

Zi(r) = l + ^. (2.112) 

Notice that the solutions (|2. 109)1 and (|2.111j) are present in both type II theories. One 
can see that the tension of the NS5-branes goes like gs~'^, which means that it is also a 
non-perturbative object of string theory, and, if compared to the D-branes, has a more 
standard behavior of its mass, typical of field theory solitons. However, this is also an 
indication of the fact that NS5-branes do not have an interpretation in terms of open 
strings as D-branes have, and in fact it is difficult to study such objects beyond the 
regime of the classical solution. 

M-branes 

Low-energy M-theory, namely eleven-dimensional supergravity, has also brane-like so- 
lutions. Since the only gauge potential in the action ()2.54|) is the three- form A3, we will 
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have an M2-brane and its magnetic dual, the M5-brane. The M2-brane solution reads: 



ds'^ = /2(r)-2/3 r]apdx''dx^ + f2{rf'^ Sijdx'dx^ 
A3 = f2{r)-^dx^ hdx^ hdx"^ , 



(2.113) 



where: 



/2(r) = 1 + 



(2.114) 



The M5-brane solution reads instead: 



ds^ = Mr) 
= Mr) 



r]af3dx"dx^ + /5(r)2/^ 6ijdx'dx^ 
^dx^ A dx'^ A dx^ , 



(2.115) 



where 



Mr) = l + 



327r2/p 
^6 



(2.116) 



It is interesting to trace the eleven-dimensional origin of the branes of type IIA the- 
ory, when eleven-dimensional supergravity is compactified along the eleventh direction 
x^". Let us start from the M2-brane. If one of its world- volume directions is along x^^, 
we will be left with the F-strings of type IIA, while if the M2-brane is transverse to 
x^^ we will obtain a type IIA D2-brane (one can check that this is indeed the result 
of the dimensional reduction of the solutions given above). Analogously, an M5-brane 
extended along x^^ will give rise to a D4-brane, while an M5-brane transverse to x^^ 
will result in a type IIA NS5-brane. 

What about the DO and D6-branes? Notice that the tension (|2.98|) of a DO-brane 
is To = ^7-. Since DO-branes are BPS, the tension of DO-branes will be given by 
Ntq = where -Rio = gsh- Moreover, when we go to the strong coupling regime of 
type IIA theory gg — > 00, we see that the mass spectrum of the DO-branes approaches 
a continuum. This is precisely the behavior appropriate for Kaluza-Klein modes, so we 
are uncovering an additional dimension of radius RiqI This is a hint of the type IIA/M- 
theory duality, that we do not have the space of describing in detail. However, we 
see that DO-branes have the eleven-dimensional interpretation of Kaluza-Klein states 
of the compactification. Their magnetic dual the D6-branes are instead interpreted as 
eleven-dimensional "Kaluza-Klein monopoles" . 



Let us summarize one more time what we have found (and depicted in figure about 
D-branes, and in particular their low-energy interpretations: 

• On the one hand, the low-energy dynamics of massless open string states on a 
Dp-brane gives rise to a (p + l)-dimensional supersymmetric gauge theory; 

• On the other hand, a Dp-brane is described in the closed string channel as a clas- 
sical solution of the low-energy supergravity equations of motion charged under 



2.5 Gauge theory from gravity: A first example 



the R-R field Cp+i. 
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A natural question to ask is if how we can use the interplay between these two in- 
terpretations in order to compute gauge theory quantities from classical supergravity, 
and vice- versa. The big amount of concepts, techniques and methods exploring this 
interplay can collectively be called gauge/gravity correspondence, and will be our main 
focus from now on. 

Let us then start with a first simple example on how quantum information about the 
gauge theory living on a D-brane is encoded in the corresponding supergravity solution 
and can be extracted from it. We have already derived the two main ingredients, that 
we rewrite here for convenience. The first is the classical solution (|2.1()4|) - (|2.1()7|) of 
type II supergravity describing the geometry generated by Dp-branes placed at the 
origin of flat space (in the string frame) : 

ds"^ = H-^/^ j]^pdx''dx^ + Hl''^ dijdx'dx^ , 

e* = , (2-117) 

Cp+i = {Hp^ -1) dx° A--- AdxP , 

where the harmonic function H{r), r = (j;*3;*)^/^, given in (|2.1U5|) . reads: 

The second ingredient is the world-volume action describing the low-energy dynam- 
ics of the theory living on a single Dp-brane, whose bosonic part (|2.87|) in the string 
frame reads: 



^Dp = - Tp / dP+'i W - det ( Gah + Bab + 2TTl,^Fab 



(2.119) 



The procedure we are going to follow in order to flnd the gauge coupling constant 
consists in substituting the flelds of the solution (|2.117j) into the action (|2.119j) . Why is 
this supposed to work? Let us present two different interpretations of such a procedure, 
which will both be useful in later chapters. 

• The first interpretation is geometrical. We can think of forming the D-brane 
configuration generating the supergravity solution as a step-by-step procedure, by 
taking the branes one at a time from infinity. This is of course a supersymmetric 
operation since the branes are BPS objects and there is no force between branes of 
equal dimension. We can therefore think of adding another brane to the system, 
a probe brane, and of moving it slowly in the transverse space away from the other 
branes placed at the origin, as in figure 1231 Neglecting the back-reaction of the 
probe, we can then use its effective world-volume action to explore the geometry. 
In particular, its moduli space will tell us information about the Coulomb branch 
of the gauge theory, where the gauge group is broken as U{N + 1) U{N) x U{1). 
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Figure 2.3: Probing the geometry generated by N D-branes with a single moving D-brane. 

• The second interpretation is field-theoretic. We can simply think of studying the 
low-energy dynamics of the open strings living on the D-branes by using the 
world- volume action and carefully taking the — > limit. Of course, a complete 
study would require the use of a fully non-abelian version of the action (|2.119() . 
describing the low-energy dynamics of the theory living on N branes. Such a 
non-abelian action is not completely known at the moment of writing, even if 
many prescriptions exist, with various levels of validity. However, we already 
mentioned in section 1231 that it is known that this non-abelian action reduces at 
low energies to the action of non-abelian Super Yang-Mills theory. Therefore, in 
order to extract information on the gauge theory living on the branes, we can 
think of using the action H2.119() . taking the Is ^ limit and then "promote" the 
resulting fields to non-abelian ones. 

Both the described approaches are able to give relevant information on the low-energy 
gauge theory, and we will use them alternatively. Whenever they can be used at the 
same time, they can be shown to yield the same results for the gauge theory. However, 
each of them has advantages and disadvantages. For instance, the probe approach has 
the good point of being precisely related to a particular phase of the gauge theory, so 
that more information can be extracted on it (like the metric on the moduli space), 
but on the other hand, in order to be implemented, it needs the presence at least of a 
part of transverse space where the branes can be freely and supersymmetrically moved, 
a situation that is not always possible to obtain. The second approach does not have 
neither the above advantage nor the above disadvantage, and it is more difficult to 
establish a precise relation between gauge theory scales and supergravity coordinates. 
All these aspects are not very relevant in the highly supersymmetric setup we are 
considering in this section (recall that we have 16 unbroken supercharges), but will be 
extremely important in later chapters, when studying the application of these methods 
to less supersymmetric gauge theories. 
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In any case, let us proceed in our analysis. Our starting point is taking the static 
gauge: 

x'' = e, x'=x'{C), (2.120) 

which can be chosen by implementing difFeomorphism invariance on the world-volume 
and simplifies the analysis considerably. The square root of the determinant in 1)2. 119(1 
can be expanded as follows: 



det ( Gab + Bab + 2T:ls^Fab 



= V-detGafejl + ]^G''''G^jdax'dbX^ + , (2.121) 

which can be interpreted, depending on the perspective, as a — > expansion, or (in 
the probe approach) as an expansion for slowly-varying world-volume fields. Using the 
explicit solution (|2.117|) . the action H2.119() now becomes: 

Sdp ^ -Tpj d^+'x !^H-' + ^dax'dax' + i^^^F.feF.fcj + Tp J d^^'^ {H'^ - 1) . 

(2.122) 

We see that all position-dependent terms cancel, as had to be expected because of the 
no-force condition which is a consequence of supersymmetry. Neglecting the unimpor- 
tant constant term in the above action, and recalling that the coordinate fields are 
related to the gauge theory scalars as: 



x' = 27r//$* , (2.123) 



we can rewrite the above result as: 

2\2 



^Dp = -Tp^^^^ j dP^'x |^9„$*9„$* + ^FabFab^ , (2.124) 

where we have included an additional factor of | due to the normalization of the gen- 
erators of the gauge group once we promote everything to the non-abelian level. The 
resulting action is precisely the kinetic bosonic part of the action of Super Yang-Mills 
theory in p + 1 dimensions with 16 supercharges: 

SSYM = j <P+^X \^da^'da^' + ^F^feF^bj , (2.125) 

once we identify: 

9lp = ,^ ,L = 2(2^)P-25,//-3 . (2.126) 

This result gives the gauge coupling constant of the Super Yang-Mills theory living on 
A'^ Dp-branes in flat space at low energies, and is the first piece of quantum information 
on a gauge theory that we recover from a classical supergravity solution. This result 
tells us that the coupling constant of Super Yang-Mills theory in p + 1 dimensions (an 
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example of which, that we wih often consider in the following, is = 4 Super Yang- 
Mills in four space-time dimensions, for which gj-^^^ = 4:Trgs) is simply a constant and 
does not run with the scale, apart the trivial dependence on the string scale Is which is 
necessary for dimensional reasons. Of course, at this level one could argue that we have 
no direct means of verifying that this is a quantum result and not simply the (identical) 
classical one, but we will later see in many less trivial examples that this method is 
indeed able to give us a lot of quantum information on gauge theories from gravity. 

We can make some additional observations. Notice first that in the above action the 
scalars and gauge field kinetic terms come with the same coefficient, and this is another 
consequence of supersymmetry which is correctly taken into account. Second, if we 
interpret the above computation as a probe analysis, thus exploring the Coulomb branch 
of the theory when the gauge group is broken with the pattern ?7(A^+1) — > U{N) x ?7(1), 
we can interpret the coefficient in front of the 9—p scalars in the effective action 1)2.125^ 
as the metric on the moduli space of the theory, which in this case is simply: 

dsl^ = -^6ijd¥d<P^ , (2.127) 

as it should be due to the high amount of supersymmetry which does not allow addi- 
tional structure: the moduli space is flat. 

Having found the metric on the moduli space, let us now make another observation. 
The Dp-brane solution (|2.117|) has only the R-R field Cp+i turned on, so the expansion of 
the Wess-Zumino part of the world-volume action (|2.119|) just contains the standard D- 
brane minimal coupling. However, from a gauge theory point of view, it is interesting to 
see that the expansion of the Wess-Zumino action (for p > 3) also contains the following 
"theta-term" : 

^ Cp_3AFAF, (2.128) 

where we used the explicit expression (|2.99p to relate D-brane charges. In the case at 
hand, as we said, the solution (|2.117|) has vanishing Cp_3, so we can only conclude that 
we are in a theta-vacuum with ^ym = 0, and, as expected, no quantum anomaly to 
modify this result. 

However, what is interesting about the expression (|2.128j) . once we promote it to 
the non-abelian level, is that if we excite an instanton configuration in the gauge theory 
living on a Dp-brane, namely a (euclidean) configuration with integer topological charge 
k = jTr(F A F), this precisely corresponds to turn on k units of D(p — 4)-brane 
charge. In fact, since (|2.128|) gives the theta-term in the Yang-Mills action of the (p+l)- 
dimensional gauge theory, we can guess that a D(p — 4)-brane behaves as an instanton 
configuration of the theory on a Dp-brane. 

We may then think of recovering some information about instantons by probing the 
Dp-brane solution with a D(p— 4)-brane, instead of using a brane of the same dimension. 
In fact, as we will summarize in section in more complicated setups a computation 
like (|2.128|) . as well as a D(p — 4)-probe analysis, will give us some interesting pieces of 
information about anomalies and instantons of the gauge theory. 
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2.6 The AdS/CFT correspondence 



In the previous section, we have seen a first example about how gauge theories arise 
from classical solution describing the geometry of N Dp-branes. Now let us concen- 
trate on the case p = 3. The world- volume theory on N D3-branes at low energy 
is four-dimensional AA = 4 Super Yang-Mills theory (sixteen preserved supercharges) 
with U{N) gauge group. This theory is classically and quantum-mechanically scale- 
invariant, so the Poincare symmetry combines with dilatations and special conformal 
transformations to give the conformal group SO{2,4) ~ SU{2,2). In addition, there 
is an R-symmetry group SU{4:)ji ~ S0{6)ji. The combination of all these symme- 
tries with = 4 supersymmetry requires the addition of sixteen conserved conformal 
super symmetries and enlarges the whole global symmetry group to the supergroup 
SU{2,2\4). 

After this brief survey of the symmetries of the gauge theory living on the D3-branes, 
let us turn to the corresponding geometry. A stack of N D3-branes in the string frame 
is described by the classical solution (|2.1U8(1 : 

ds"^ = H~^'^ 7]^pdx''dx^ + hI^^ dijdx'dx^ , 

e* = 1 , (2.129) 
F5 = dH^^ A A • • • A dx^ +*{dH^^ A A • • • A dx^) , 

where we recall the expression of the warp factor H^{r): 



Hs{r) = 1 + ^ , R^ = Q3 = 47rr7,Ar^/ . (2.130) 



We want to study the asymptotic regions of this geometry. Far from the sources, 
namely for r ^ R, the solution (|2.129|) approaches Minkowski space, since H3 ~ 1. It 
is more interesting to consider the "near-horizon" limit, namely the region r R. In 
this case we can approximate ~ and the metric in (|2.129|) becomes: 

ds^ = 7]^pdx°'dx^ + -^dr^ j + R^d^l , (2.131) 

where we have introduced spherical coordinates on the transverse space, and where 
is the metric on a round five-sphere. We see that the metric is naturally decomposed 
into two terms, one of which represents a five-sphere of radius R. What does the other 
term represent? With the change of coordinates z = the above metric becomes: 

^4d55x55 = ^ {rjai3dx''dx>^ + dz^j + R^dnl , (2.132) 

and we recognize the metric of five-dimensional Anti-de Sitter space written in the so- 
called "Poincare patch" of coordinates. We have then shown that the geometry resulting 
from the near-horizon limit of the background generated by N D3-branes is the space 
AdS^ X 5^ [2], where the radii of the two spaces are both given by R. In some sense. 
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the D3-brane geometry H2.129() can be thought of as an interpolating geometry between 
Minkowski space and the AdS^ x geometry H'2.13'2p . 

A first interesting observation we can make is that the isometry group of the so- 
lution (|2.132() is 50(2,4) x S0{6), the two factors coming respectively from Anti-de 
Sitter space and from the sphere. These symmetries are exactly the conformal group 
and R-symmetry group of = 4 Super Yang-Mills theory! Notice however that in 
the near-horizon limit that we have taken, there are no D3-branes left, but rather the 
geometry is a purely closed string background. In fact, one of the most interesting part 
of the story is that in the limit the open string dynamics (and then the gauge theory) 
and the closed string dynamics completely decouple, since one is taking Ig ^ while 
keeping fixed gg, N as well as all physical length scales. And in fact, it is only in the 
near-horizon limit that one is able to show that also in the gravitational solution the 
full global symmetry is enlarged to 5C/(2,2|4), precisely matching the one of the gauge 
theory. 

These and other observations, about symmetries and the decoupling limit, suggest 
a bold conjecture about the equivalence between two drastically different theories. In 
fact, the Maldacena or AdS/CFT conjecture IS 01 13| (for a standard review see |25] ) 
states that the two following theories are equivalent: 

• Type IIB superstring theory on AdS^ x S'^with string coupling gg, where both 
AdS^ and have radius R and there are N units of five-form flux through 
the S^; 

• Superconformal J\f = 4 Super Yang-Mills theory with gauge group U{N) and 
gauge coupling constant gyM , 

with the following identification of parameters: 

g^y^ = 4ngs , i?^ = inggNlg^ . (2.133) 

By equivalence or duality it is meant that there is a precise map between states and 
correlators in the two theories. 

We stated the AdS/CFT duality in its stronger form, which unfortunately turns out 
to be almost untractable, because of profound difficulties in the quantization of string 
theory on a curved space such as AdS^ x S^. Let us now present some limits of the 
above correspondence that are far more tractable, yet still highly non-trivial. 

First, we can think of taking 't Hooft large N limit on the gauge theory side j26j : 

^ oo , A = g^^N fixed. (2.134) 

In this limit, the diagrammatic expansion of the theory rearranges into a topological 
expansion of Feynman diagrams. Given (|2.133|1 . we see that this corresponds to taking 
the weak coupling limit g'^ — > in the string theory. Therefore, J\f = 4 Super Yang-Mills 
theory in the 't Hooft limit is dual to classical type IIB strings on AdS^ x S^. 

Starting from the 't Hooft limit, we can think of additionally taking the strong 
coupling limit A ^ oo. Remarkably, on the string theory side this corresponds to 
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Type IIB string theory 






M = A U{N) 


on AdS^ X 






Super Yang-Mills theory 


9s, R/h 


<- 


— > 


5YM , N 




9ym 


= 4:TTgs 






{R/ls)' 


= ^TTgsN 




Classical strings 


<- 


— > 


't Hooft limit 


^ , R/ls fixed. 






^ oo , A = ^YM^ fixed. 


Classical supergravity 


<- 


— > 


Large 't Hooft coupling limit 


g's ^ , R/ls oo . 






N ^ oo , A ^ oo . 



Table 2.3: Three forms of the AdS/CFT conjecture, in order of decreasing strength. 

taking — > 0, and we are left with low-energy supergravity on AdS^ x S^, namely a 
very tractable classical limit! We summarize the three levels of the correspondence in 
table O 

The AdS/CFT duality we just introduced is probably the most powerful and best 
understood example of gauge/gravity correspondence. Let us stress again that it in- 
tends to be an exact duality between a gauge theory in four dimensions and a theory 
without gauge degrees of freedom in a higher dimension. In some sense, then, all the 
information on the bulk higher-dimensional theory can be thought to be encoded in 
the four-dimensional one, as a sort of hologram. This gives rise to the concept of 
holography [271128]. 
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3 

Engineering Gauge Theories 



If we think that gauge theories arising from string theory should finally have some- 
thing to do with the physical world, we might be interested in seeing if string and 
D-brane constructions can give rise to gauge theories with more "realistic" properties 
with respect to the ones we have encountered in the previous chapter. 

What do we precisely mean by "realistic"? Let us concentrate for a while on the 
case of four space-time dimensions. The theory living on a stack of D3-branes in flat 
space is = 4 Super Yang-Mills, which is a theory with a high amount of preserved 
supersymmetry and superconformal invariance. Since the Standard Model of particle 
physics has neither supersymmetry nor conformal invariance, we would like to act in 
these two directions and try, by using string theory, to engineer gauge theories with less 
than sixteen supercharges and broken conformal symmetry. More generally, looking also 
at theories in dimensions different from four, whose dimensionful coupling makes them 
in any case non-conformal, we would like to build theories exhibiting a scale anomaly. 

In this chapter, we will present some of the methods by which scale-anomalous 
gauge theories with reduced supersymmetry can be engineered in string theory via 
appropriate configurations of D-brane systems. Although we will not be able to reach 
non-super symmetric theories, the analysis of this chapter will be the basis for the more 
concrete examples of gauge/gravity correspondence to be presented in chapters^ and El 

3.1 How to get realistic theories? 

There are several useful methods for breaking the sixteen supersymmetries preserved 
by the theories living on D-branes in flat space. Among the most fruitful ones, there is 
the possibility of deforming highly supersymmetric theories by adding supersymmetry 
breaking masses/superpotential terms into the action, and then exploring what are the 
consequences of the deformation on the dual geometry. This is a method we will not 
pursue here, and we just refer the reader for instance to the review ||5j and its references. 

We will instead follow a more direct approach, consisting in engineering D-brane 
configurations of type II string theory which, by means of open string computations or 
other considerations, can be seen to describe the gauge theories we are interested in. It 
is important to notice that our engineering procedure usually requires that we follow 
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these two steps: 



1. Reduce super symmetry. This is usually achieved by considering type II theory on 
an appropriate closed string background known to preserve a specific fraction of 
the supersymmetries of flat space; 

2. Acquire scale anomaly. This is usually achieved by engineering particular config- 
urations of D-branes (thus this step involves open rather than closed strings) in 
the above closed string backgrounds. 

For instance, closed string backgrounds one can use in order to reduce the amount 
of supersymmetry of the ambient space include: 

• Calabi-Yau manifolds. In particular, Calabi-Yau twofolds preserve one-half of the 
32 supercharges of fiat space, while Calabi-Yau threefolds preserve one-fourth of 
them. We will mainly be interested in non-compact Calabi-Yau manifolds. Let 
us also note that many useful examples are given by singular manifolds, such as 
the conifold; 

• Orbifolds of type II theories, namely quotients of a part of space-time by a discrete 
symmetry. These spaces can be seen as geometrically singular points in the moduli 
space of Calabi-Yau manifolds, which however admit a sensible conformal field 
theory description in terms of perturbative strings. In particular, C^/F orbifolds, 
where F is a discrete subgroup of SU (2), preserve one-half of the supersymmetries 
of flat space, while one-fourth of the supercharges are preserved by C^/F orbifolds, 
where F C 5[/(3); 

• NS5-brane backgrounds. Parallel NS5-branes in fiat space are BPS configurations 
breaking 16 out of 32 supersymmetries. 

Usually (we will be more precise later in specific examples), the standard "bulk" 
or "regular" D-branes in the above spaces host theories with reduced supersymmetry, 
according to the chosen closed string background. However, it can be seen that the gauge 
theories living on such branes have a matter content that does not make them scale- 
anomalous (for examples, four-dimensional theories will still have unbroken conformal 
symmetry). In order to overcome this obstruction, one has to engineer configurations 
of D-branes whose world-volume is, roughly speaking, topologically non-trivial. For 
instance one can consider: 

• D-branes wrapped on supersymmetric cycles of Calabi-Yau manifolds. We will see 
in the following that the non-trivial topology of the world-volume allows getting a 
scale-anomalous theory living at low energies on the flat part of the brane world- 
volume; 

• Fractional D-branes on orbifold or conifold backgrounds. These branes can be 
thought of as D-branes wrapped on cycles that, in the limit in which the Calabi- 
Yau manifold degenerates into a metrically singular space, result to be wrapped on 
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shrinking cycles, effectively losing some world- volume directions and being stuck 
at the singularity of the background; 



• Stretched D-branes between NS5-branes. D-brane world-volumes can end on NS5- 
branes, and this causes the freezing of some of the moduli of the theory. As a 
result, the gauge theory living at low energies on the intersection of the D-branes 
and NS5-branes can acquire a scale anomaly. 

Of course, up to now we just gave a general overview of some of the many available 
tools to build our more "realistic" gauge theories. The rest of this chapter is devoted 
to study them (and in particular the wrapped and fractional D-branes) in some detail, 
while also sketching some connections among the different approaches. We will mainly 
proceed by means of the study of simple examples, from which we can subsequently 
abstract some general properties of the relevant D-brane systems and the corresponding 
gauge theories. After the overview presented in this chapter, we will be ready to see the 
gauge/gravity correspondence at work in some interesting cases in chapters |1] and [3 



Let us start by considering type II string theory on a Calabi-Yau manifold. We will 
mainly be interested in non-compact Calabi-Yau twofolds and threefolds, which pre- 
serve respectively one-half and one-fourth of the 32 supersymmetries of flat space. The 
study of strings and D-branes on curved manifolds, and Calabi-Yau spaces in particu- 
lar, has been one of the most studied topics in string theory since its first days, so we 
will just be able to sketch few aspects that we will need for our goal. 

To be specific, we will only consider some of the consequences that arise when a 
D-brane has part of its world-volume extended on a curved space. We will be interested 
in D-branes wrapped on supersymmetric cycles inside Calabi-Yau manifolds. Notice 
that what we mean by supersymmetric cycle is precisely that the world-volume theory 
of the wrapped D-brane preserves super symmetry. 

At first sight, a D-brane whose world- volume extends along a curved manifold will 
not preserve any supersymmetry, since the condition for finding a covariantly constant 
spinor will include the spin connection Lo'^'' on the curved space and will formally look 



and this equation does not generally admit any solution. This means that supersym- 
metry cannot be realized in the world-volume of the curved brane in a conventional 
manner. 

Rather, the low-energy field theory living on the world- volume of the brane has 
to be partially topologically twisted 29 . The reason of this fact can be clarified as 
follows. Consider a Dp-brane living in a ten-dimensional space-time M. There are 9 — p 
scalars corresponding to the directions transverse to its world- volume A4, which are 
interpreted as collective coordinates. In more complicated setups, it is not accurate to 



3.2 About D-branes on curved manifolds 



like: 
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consider them just as functions on A4. Denoting as TM the tangent bundle of M, we 
can decompose it as: 

TM = TM + Nm , (3.2) 

where Nj^ is the normal bundle of Ai. Its dimension is precisely 9 — p and we can 
then regard our transverse scalars to be actually sections of this bundle, and interpret 
the R-symmetry group SO {9 — p)r of the world- volume gauge theory as the structure 
group of the normal bundle N_m . 

Consider now the theory on a (possibly non-compact) Calabi-Yau n-fold, and de- 
note a real d-dimensional cycle inside it as S^^. A D(p + (i)-brane wrapped on Ti^ can 
be represented by the following table, where the symbols — , Q ^^'^^ ' respectively rep- 
resent flat world-volume directions, wrapped world-volume directions and transverse 
directions: 

CY„ 













B{p + d) 




o 







The normal bundle Nj^ is now naturally decomposed in two parts, corresponding to 
the non-trivial part inside the Calabi-Yau (denoted as N^, in the table) and the trivial 
transverse flat part. Correspondingly, the full Lorentz group results broken as: 

SO{l, 9) ^ SO{l,p) X SO{d)^ X S0{2n - d)R x SO{9 - 2n - p)r . (3.3) 

Now, the fact that the directions in Ny, are non-trivially fibered over the cycle means 
that there is a relation between the connection on the normal bundle Ny. and the (spin) 
connection on S. We have to pick a subgroup SO{d)ji C SO{2n — d)^ and implement 
the following identification: 

SO{d)j: = SO{d)R . (3.4) 

This is a topological twist, since the behavior of all fields under Lorentz transforma- 
tions, namely their spin, gets changed by this identification imposed by the embedding 
geometry. Now (|3.1j) is modified by the presence of the additional external "gauge" 
field coupled to the R-symmetry, and becomes: 

(df, + io^-A^)e = 0. (3.5) 

The twist (|3.4() schematically imposes uj^ = A^, so that 1)3. 5|) can be simply satisfied by 
a constant spinor and super symmetry can be preserved. 

When we dimensionally reduce along the cycle Ti^ for studying the low-energy theory 
living on the flat M^'^ part of the world-volume, the resulting field content will be a 
direct consequence of the twist (|3.4|) . More precisely, all fields with charges such that 
the condition = A^ is satisfied will result in massless fields of the (p-|- l)-dimensional 
gauge theory we are interested in. 

The crucial property of this procedure is that the resulting low-energy theory on 
M^'^ is an ordinary gauge theory, with no topological twist at all. The topological twist 
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of the {p + d + l)-dimensional world-volume theory of the D(p + d)-brane is precisely 
what is needed in order to obtain an ordinary field theory living on the un-wrapped 
directions. 

Example: D^-brane wrapped on inside a Calabi-Yau twofold 

Let us then see how the topological twist works in a specific example. We will consider 
a D4-brane wrapped on a two-sphere inside a Calabi-Yau twofold. As we already 
mentioned, the closed string background preserves 16 supercharges, and we therefore 
expect eight supercharges on the world-volume of the D-brane. The configuration is 
summarized in the following table: 







52 


N2 


M3 


D4 

























In flat space, the presence of the D4-brane breaks Lorentz invariance as S0{1, 9) 
50(1,4) X S0{5)r. The fact that the D4-brane is wrapped on 5^ introduces an ad- 
ditional breaking of 50(1,4) into <S'0(1,2) x SO{2)g2. The twist is then introduced 
by breaking the i2-symmetry group 5*0(5)/? into 50(2)/? x 50(3) and by identifying 
50(2) /; with 50(2) 52 . In conclusion the pattern of Lorentz symmetry breaking is given 
by (compare with H3.3() ): 

50(1, 9) ^ 50(1, 4) X S0{5)b, 50(1, 2) x 50(2)^2 x S0{2)r x 50(3) , (3.6) 

with the two 50(2) factors identified. The representations of the above groups in which 
the fields of the gauge theory living on the wrapped D4-branes transform are given by: 





SO{lA) - 


50(1, 2) X 50(2)52 


50(5),j - 


SO{2)r X 50(3) 


Vector 


5 


(3,1)0(1,2) 


1 - 


(1,1) 


Scalars 


1 


(1,1) 


5 - 


(1,3)0(2,1) 


Fermions 


4 


(2,+) 0(2,-) 


4 - 


(+,2)0 (-,2) 



The fact that we are interested in the three-dimensional theory living on the flat part 
of the world- volume at very low energies implies that we must keep only the massless 
states, which are the ones with appropriate charges under the identified 50(2)/) = 
(50(2)52 X SO{2)r) 





50(1,2) X 50(2)d X 50(3) 


Vector 


(3,1,1) 


Scalars 


(1,1,3) 


Fermions 


(2, +,2) 0(2,-, 2) 



These states form exactly the vector multiplet of three-dimensional Super Yang-Mills 
theory with eight supercharges. This means that, if we now take a configuration with 
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D4-branes, the theory hving on the flat part of their world-volume is pure U{N) J\f = 4 
Super Yang-Mills theory in three space-time dimensions, which has a scale anomaly, as 
one can see for example by computing the coefficient of the one-loop effective coupling 
constant from insert |21 on page 1481 

We have therefore shown in an explicit case that in this wrapped brane scenario, 
because of the topological twist that is enforced by the embedding geometry, the gauge 
theory living on the flat part of the world- volume of D-branes has the property of being 
a supersymmetric gauge theory exhibiting a scale anomaly. 

In chapter 13 we will use the example of wrapped D4-branes that we just introduced 
as our first explicit case of application of the gauge/gravity correspondence to a scale- 
anomalous gauge theory with less than 16 preserved supercharges. 

Twists of the D 5 -brane theory 

Let us consider another example which will be very useful in chapters 0] and namely 
the one of a D5-brane wrapped on a two-sphere. In this case, we will explicitly show two 
inequivalent topological twists, giving rise to different four-dimensional gauge theories 
on the flat part of the world-volume of the D5-branes. 

In general, in this case the pattern of Lorentz symmetry breaking 1)3. 3() will read: 

50(1, 9) ^ 50(1, 5) X SO{4)r SO{l, 3) x ^0(2)52 x 50(4)r , (3.7) 

and the topological twist will imply the identification of SO{2)g2 with a suitable 
SO{2) C S'0(4)ij. Let us then write the R-symmetry group as: 

SO{4)r = SU{2)i X SU{2)2 , (3.8) 

and consider two distinct possibilities: 

• A D5-brane wrapped on a two-cycle inside a Calabi-Yau twofold, as shown in the 
following diagram: 

CY2 







52 


N2 


M2 


D5 

























This corresponds to considering the diagonal subgroup in (|3.8|) . SU (2) d = {SU (2)i x 
5[/(2)2)diag5 and identifying the 50(2)^2 with S0{2)d C SU{2)£). By an analysis 
perfectly analogous to the one performed in the previous subsection, one sees that 
the following fields survive the topological twist and therefore live at low energies 
on the four-dimensional flat part of the brane world-volume: 





50(1,3) X S0{2)d 


Vector 


(4,1) 


Scalars 


2x (1,1) 


Fermions 


(2 2,+) ©(2 2,-) 
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Insert 2. One-loop running coupling constant 

The one-loop effective action for a D-dimensional field theory expanded around a 
background which is a solution of the classical field equations can be expressed as: 



if 1 
^TVlogAi/aL 



2 



where a bar on an operator indicates that the operator is evaluated at the background 
value of the gauge field, Ng and Nf are respectively the number of scalars and 
Weyl fermions and where: 

Df^i being the covariant derivative and f"'^'^ the gauge group structure constants. 
The part of the above determinants which is quadratic in the gauge fields can be 
extracted obtaining: 

where: 

fj, being the regulating "mass" of the fields, and 

D-26 2[-"/2liV^ Ns 

= — c„ H — -Cf H — —Cg , 

6 6 -^ 6 

where [-D/2] = D/2 if D is even and [D/2] = if D is odd, and where the constants 
c set the normalization of the generators of the gauge group as Trr(r"r^) = CrS^^ in 
the representation r under which the vector, the fermions and the scalars respectively 
transform. 

In the case D = 3, we get: 

1 p ds _„2, , h 
Id=3 = TTTTJ^ / b 



(47r)3/2 sV2 Stt/x 
with 

23 Nf Ns 



continues. . . 
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Insert 2 continued. 



In the case D = 4, we get: 



Id- 



(4vr)2 70 s 
where e is a regulator and: 



— e ^ b 



regular part 



87r2 e 



11 2Nf Ns 

0D=4 = -Cv + -^C/ + —Cs . 



The matter content of the low-energy theory is then the one of pure M = 2 Super 
Yang-Mills theory in four space-time dimensions, thus as expected we are left 
with eight preserved supercharges (and a non-conformal four-dimensional gauge 
theory!). 

• A D5-brane wrapped on a two-cycle inside a Calabi-Yau threefold^ as shown in 
the following diagram: 



CY3 







52 


iV4 


D5 

























In this case, the identification is performed between 50(2)52 and 5*0(2)1 C 
5C/(2)i, where SU{2)i is the first factor appearing in (|3.8|) . The fields surviv- 
ing the topological twist (call the identified group again 50(2)^)) are: 





50(1,3) X S0{2)d 


Vector 


(4,1) 


Fermions 


(2,+) ©(2,-) 



Now we are clearly left with four supercharges, and the low-energy theory is pure, 
non-conformal N = 1 four-dimensional Super Yang-Mills theory, whose vector 
multiplet comprises a vector and a Majorana spinor. 



3.3 A simple Z2 orbifold 

Let us now leave apart for a while D-branes wrapped on smooth manifolds, and let us 
instead pass to considering another very interesting situation mentioned in section WA\ 
namely branes in singular spaces. As an explicit example of branes at singularities, 
we consider Dp-branes of type II string theory on the orbifold M^'^xC2/Z2. This is 
an example we will work out in detail, since it is probably the simplest setting in 
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which scale- anomalous gauge theories on D-branes can be achieved. In an orbifold 
we can benefit of having full control over perturbative string theory, and choosing a 
particularly simple one allows to develop our understanding without hindering it with 
technicalities. We will uncover here many interesting features of D-branes on orbifolds 
and the corresponding gauge theories, and then formalize them a little more generally 
in the next section. 

The C^/Z2 orbifold is obtained by identifying the last four coordinates of M}'^ under 
a reflection: 



r 

X ~ 



6,7,8,9, 



(3.9) 



which is the action of the unique non-trivial generator g of the Z2 group. It will also 
be useful to introduce complex coordinates: 



2} ~ —z^ , 



x^ + ix^ . 



(3.10) 



Notice that the Lorentz group is broken by the orbifold into S'0(l,9) S'0(l,5) x 
50(4). 

The Z2 action (|3.9|1 translates on the bosonic and fermionic oscillators as follows: 



a. 



Vn^-Vn. i^n^-Vn. r = 6, 7, 8, 9 (3.11) 

(where tilded oscillators are of course defined for closed strings only). 

D-branes on C^/Z2 

We want to introduce in the setting a Dp-brane transverse to the orbifolded directions, 
as in the following table: 





••• p 


p+1 • • • 5 


6 


7 


8 


9 


Bp 















To summarize, we have splitted the ten space-time coordinates as follows: 

• x"' , a = 0, . . . ,p : directions belonging to the world- volume of the Dp-brane; 

• X*, i = p + 1, . . . ,5 : non-orbifolded coordinates transverse to the Dp-brane; 

• x^ = {x", X*} , A = 0, ... ,5 : all the non-orbifolded coordinates; 

• x^ , r = 6, . . . , 9 (also denoted as , m = 1, 2): orbifolded coordinates (which 
are all transverse to the Dp-brane). 

There is an important observation we can immediately make. Working in the cover- 
ing space, a single D-brane at an arbitrary point in transverse space is not an invariant 
configuration under the orbifold action 1)3. 9j) . This means that, in order to build an 
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Figure 3.1: A regular Dp-brane in an orbifold has images on the covering space. 

invariant configuration, a Dp-brane at a point x'^ = must necessarily have an image 
located at x'^ = —y^, as shown in figure EI In order to describe the open string spec- 
trum, then, we have to treat four different kinds of strings, namely strings with both 
endpoints on one of the two branes, or with one endpoint on each. This means we will 
need a 2 x 2 Chan-Paton matrix A to identify open string states of the form: 

The action of the Z2 orbifold on a string state will therefore comprise two parts, the 
action (|3.11j) on the oscillators and an action on the Chan-Paton factors: 

A - 7(5) A 7(5)-' , (3.13) 

where 7(5) is an appropriate representation of Z2. How can we find it in the present 
example? Looking at figure IXTl we see that the action of the element g exchanges the 
brane with its image, and therefore the action on the general state 1)3. 12() can be chosen 
as: 

7(5) = (3.14) 

This is the regular representation of the orbifold group. If we choose for A the basis 
given by the Pauli matrices (plus the 2x2 identity matrix), 1 and are even, while 
(j^ and o"^ are odd under (|3.13|) . 

We now have all the ingredients for studying the first level of the open string spec- 
trum. The surviving states are the ones which are even under the combined action 
of 1)3. 11(1 and ()3.13|1 . In the NS sector we are left with: 
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NS states 






^®V"i/2|0>^) 


— > 2 vectors 








2(5 — p) real scalar s 


2 


g)V;:i/2lO>^)> 


2^®V:i/2|0,fe) 


— > 4 complex scalars 



On the ground state of the R sector, we can choose the action of g to be: 

ko, Si, S2, S3, S4) ^ (-l)''3+^'*+^|so, Si, S2, S3, S4) , (3.15) 

so that the surviving states are: 



R states 


^®|so 


Si 


S2 


S3 


S4 = S3), 


^ ® |so 


Si 


S2 


S3 


S4 = S3) 


— > 16 fermions 


^^®|so, 


Si, 


S2, 


S3, 


S4 = -S3), 


^^®|so, 


Si, 


S2, 


S3, 


S4 = -S3) 


— >■ 16 fermions 



(where in the counting we have taken into account the fact that the GSO projection 
selects states for which Sj = even). 

The massless open string spectrum is the one of a supersymmetric gauge theory 
in p + 1 dimensions, with 8 real supercharges and gauge group U{1) x U{1). In fact, 
one vector, 5 — p real scalars and 8 fermions make up a vector multiplet, so we have 
two of them. The remaining fields form two matter multiplets that transform in the 
"bifundamental" charge representations (+1,-1) and (—1, +1) of the gauge group (one 
can easily compute the charges by commuting the relevant Chan-Paton matrices). 
The matter content of the theory can be summarized in the following quiver diagram: 




Quiver gauge theories and quiver diagrams, that we will encounter many times from 
now on, are described in some more generality in insert |31 on page 1531 A very important 
observation is that the brane configuration has left only one quarter of the original 
supersymmetries unbroken - half of the supersymmetries of a D-brane in flat space. 
This is in agreement with the fact that a C^/F orbifold, with T C SU{2), breaks half 
of the space-time super symmetry. 

If we create a stack of such regular D-branes, the gauge theory will become 
a U (N) X U{N) quiver theory with 8 supercharges and two bifundamental matter 
multiplets transforming in the (N, N), (N,N) representations, namely represented by 
the following diagram: 




Notice that the resulting gauge theory has only 8 supersymmetries, but still does not 
exhibit any scale anomaly due to the matter content. In fact, one can compute the 
coefficient of the one-loop running coupling constant (see insert |21 on page I48|) and see 
that it vanishes. 
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Insert 3. Quiver gauge theories 

A quiver gauge theory can be defined, for all our purposes, as a supersymmetric 
gauge theory whose field content is encoded in a so-called quiver diagram jSO]. A 
quiver diagram consists of nodes and arrows. The simplest quiver diagram is drawn 
in the following figure: 




Each node i represents a gauge group U{Ni) and the corresponding vector multiplet 
in the adjoint representation, while each arrow represents a matter multiplet trans- 
forming in the bifundamental representation of the two gauge groups whose nodes 
the arrow connects. This means that the above diagram represents a U (Na) x U{Nb) 
gauge theory with a matter multiplet $ transforming in the (Na,Nb) representa- 
tion. 

Quiver theories can also contain matter multiplets in the adjoint representation, 
naturally denoted by an arrow beginning and ending at the same node, as in the 
following figure: 




Notice that the same quiver diagram may have a different meaning depending on 
the amount of supersymmetry, since, of course, vector and matter multiplets have 
different field content with different supersymmetry. 

In the case ofM = 1 theories (in four-dimensional language) , the quiver diagram also 
encodes the tree-level cubic superpotential. For each closed triangle in the diagram 
there is an associated cubic term in the superpotential. The following figure is a 
prototype example of a tree-level superpotential W = Tr$i$2^3: 




continues. . . 
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Insert 3 continued. . . 

Quiver gauge theories arise for instance on D-branes at orbifold singularities. For 
example, a regular D3-brane at an ^at-i singularity, namely transverse to a C^/Z^v 
orbifold, supports on its world-volume a gauge theory represented by the following 
N = 2 quiver diagram: 




This is exactly the extended (affine) Dynkin diagram of the ^at-i group. This is a 
general result: D-branes on C^/F orbifolds, where F is a discrete subgroup of SU{2), 
support N = 2 quiver gauge theories whose quiver diagram is given by the extended 
A-D-E Dynkin diagram of F. 



Fractional branes 



Are the D-branes we have studied up to now elementary configurations in our C^/Z2 
orbifold? The fact that the gauge group is generically U{1) x U{1) points to the fact 
that this is not the case. In fact, when the D-brane sits at the origin, in principle we 
no longer need any brane image in the covering space, as in figure 13.21 However, it 
is clear that if we want the brane to be able to move in the x"^ direction, we need to 
include its image even when it is placed at the orbifold fixed point (indeed this is what 
we have done before). In other words, a brane without images is constrained to stay at 
the orbifold fixed point x*" = 0, and cannot move off. 

We will call such an object fractional brane, for a reason to be understood in a 
while. Now, we do not need Chan-Paton factors to distinguish between the brane and its 
image, and the matrix A is simply a real number. The representation 7(17) of the orbifold 
group can be chosen as one of the two one-dimensional irreducible representations of 
Z2, namely: 

7(5) = +! or 7(5) = -l- (3.16) 

In either case, the relevant action of the orbifold group on the open string states is just 
the one on the oscillators. This means that the orbifold projection retains the following 
states at the massless level: 



NS states 


V'ii/2|0,fc) 


— > 1 vector 

— > 5 — p real scalars 



R states 


S0,Si,S2,S3,S4 = S3) 


— > 8 fermions 



These states comprise a single vector multiplet. The gauge theory living on a fractional 
brane is just pure U (1) Super Yang-Mills theory in p+1 dimensions with 8 supercharges. 
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Figure 3.2: A fractional Dp-brane is cliarged under tlie twisted closed string fields, and is stuck 
at the orbifold fixed point. 

Fractional branes are the elementary brane configurations living in the orbifold. 

Notice that we have two (equivalent) types of fractional branes, call them A and B, 
corresponding to the two irreducible representations in H3.16() . If we put the two types 
of branes together, the computation of the open string spectrum is perfectly analogous 
to the one we did for regular branes, but we can now have a different number of branes 
of the two types, thus getting the following quiver diagram: 

We note that when Na = Nb = N the quiver diagram is identical to the one 
representing the gauge theory living on regular branes. This is a hint of the fact that 
a regular brane can be thought of as a bound state of two "fractions" , the fractional 
branes of different types (hence the name "fractional branes"). 

However, let us first make an important observation. Beyond having reduced su- 
persymmetry, we can see that the gauge theory living on a generic configuration of 
fractional branes (with ^ Nb) has a gauge coupling constant that runs. We thus 
see explicitly that fractional branes are among the easiest setups to get scale-anomalous 
gauge theories with less than 16 supersymmetries on the world-volume of D-branes. 

Closed strings and orbifold resolution 

In order to elaborate more on the nature of fractional branes, we now turn to a closed 
string point of view, and consider the spectrum of the closed strings on our C^/Z2 
orbifold. Since we limit ourselves to the massless states, the fields in the untwisted 
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NS-NS twisted sector 


R-R twisted sector 


Type IIB 
Type IIA 


b, e, e, e 





Table 3.1: Bosonic massless spectrum of the twisted sector of type II superstring theories on 



sector of the theory can be obtained by direct dimensional reduction of the fields of ten 
dimensional type II supergravity along the forms invariant under the orbifold identifica- 
tion (|3.1U() . It is immediate to see that the surviving forms are 1, dz^ A dz'^, dz"^ A dz"^, 
dz^ A dz'^, and dz^ A dz'^ A dz^ A dz'^, and we can summarize them in the following Hodge 
diamond:^ 

^1,0 ,^0,1 

^2,0 ^1,1 /j0,2 ^ 1 

^2,1 ,^1,2 

h?'^ 1 



















1 



(3.17) 



Turning to the single twisted sector, the explicit analysis of the string spectrum gives 
the result summarized in table l3T] for the twisted fields, which have a six-dimensional 
dynamics. The fields of table 13.11 can be thought of as giving rise to a Hodge diamond 
too, since they can be seen as the zero-mode reduction of the fields of type II super- 
gravity along an "exceptional" two-cycle S. From this point of view, the NS-NS scalar 
moduli b and ^"^ can be thought of as coming respectively from the ten-dimensional 
S-field and metric on a single two cycle, as summarized in the Hodge diamond: 







1 





(3.18) 



But where does the exceptional cycle come from? The idea is that the moduli of 
the string spectrum are "desingularization" moduli. Turning on a non-vanishing back- 
ground value of these fields smooths out the singularity of the orbifold space, replacing 
it with a two-sphere. More precisely, let us define: 

• C = + i^"^ is a complex field which acts as modulus for the deformation of the 
complex structure of the space. 

• r = is the modulus related to the deformation of the Kahler structure of the 
space. The desingularization procedure implemented by giving a non vanishing 
expectation value to r is known as resolution of the orbifold. 



^ Hodge diamonds are briefly discussed in insert 0] on page 1581 
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Notice that there is an SU (2) symmmetry relating the fields which makes our choice 
above just a matter of definition. However, the reason why we introduced it is to point 
out that usually there are two inequivalent ways to smooth out singular spaces such as 
orbifolds, even if in the case of C^/Z2 we are considering they are in fact equivalent. 
We will consider the complex structure deformation in more detail in section IXBl 

Here, let us consider the resolution of the orbifold obtained by turning on the Kahler 
modulus r. The resulting four-dimensional space is known as an "asymptotically locally 
euclidean", or ALE, space. In the case we are considering, we have the simplest ALE 
space, the Eguchi-Hanson space 01. , which corresponds to the blow-up of C^/Z2. Its 
metric can be cast in the form: 

ds' = (l - ^) dr' + r'{l- ^) {<y'f + {{a'f + (a^ f) , (3.19) 

where the one-forms cr* parameterize a round three-sphere.^ 

This ALE space has two very important properties. First, the point r = a is a 
singularity unless the periodicity of ■0 (see insert on Dage l59() is taken to be 27r. Near 
there, the space looks topologically like x S^, and the S'^ is precisely the blown- up 
two-cycle of finite size we were looking for. Moreover, the unusual periodicity of ip has 
the consequence that the space at infinity looks asymptotically like S^/Z,2, and therefore 
has the same asymptotics of the C^/Z2 orbifold we started with. 

Fractional hranes as wrapped branes 

The above considerations suggest that regular branes on the orbifold can be described, 
when the cycle is blown up and the orbifold resolved, as simply being transverse to the 
resulting ALE space. 

What about fractional branes? The first thing to notice is that, if we analyze the 
closed string fields that couple to a fractional Dp-brane, the latter results to be charged 
also under the fields in the twisted sector. This is very natural and had to be expected: 
these twisted couplings are the closed string counterpart of the property of fractional 
branes of being stuck at the orbifold fixed point. In particular, among the twisted fields 
of table 13.11 a fractional Dp-brane turns out to be charged under the NS-NS scalar b 
and the R-R form Ap^i. 

However, we said in the previous subsection that the twisted fields can be seen as 
reductions of the type IIB fields along an exceptional cycle S, so that we can write: 

b = [ B, Ap+i= [ Cp+3. (3.20) 

The latter coupling suggests an intriguing interpretation, since it is the minimal coupling 
appropriate for a D(p -|- 2)-brane! The interpretation is the following: a fractional Dp- 
brane can be seen as a D{p + 2)-brane wrapped on the exceptional two-cycle E, in 

^In insert |K| on page I59l we summarize some parameterizations of 5''' which wiU be useful in many 
places in the following. The particular parameterization we are using in l).'-{.19^ is the third one in 
insert |3 
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Insert 4- Few basic elements of complex (co) homology 

On a complex n-fold M wc can introduce complex coordinates and z\ i,z = 
1, . . . , n. We can define (p, g')-forms as having p antisymmetric holomorphic indices 
and q antisymmetric anti-holomorphic indices: 

co^P'i) = 0Ji^...ipj^...j^ dz^^ A dz^P A dz^^ A . 

The standard exterior derivative naturally decomposes into the sum of the nilpotent 
operators d = dz^di and B = dz^d^. The Dolbeault cohomology is defined as: 

^ 5-exact {p,q)-forms 

The dimension of is the Hodge number W'^. By defining the Laplacian operator, 
one also sees that the harmonic {p, g)-forms are in one to one correspondence with 

Hi''- 

a 

The full set of Hodge numbers is conventionally displayed as a Hodge diamond. In 
particular, the Hodge diamonds of a complex 2-fold and 3-fold are respectively: 













^0,0 








^0,0 




























/iO'2 














/ll'2 




^2.1 


^2.2 








^2.2 
^3,3 


^2.3 





^2,0 ^1,1 ^^0,2 /j3,0 ;j2,l ^1,2 f^0,3 



Calabi-Yau n-folds are complex manifolds with SU{n) holonomy. Due to their par- 
ticular properties, the Hodge diamonds of the unique compact Calabi-Yau 2-fold 
(the K3 manifold, which can be obtained from a blow-up of a T^/Z^r orbifold via 
a resolution procedure analogous to the one described in the text) and of a generic 
Calabi-Yau 3-fold are respectively constrained to be: 



1 

h^'^ 

1 20 1 , 1 /l2,l /j2,l ^ _ 

/i^'^ 

1 

1 

Because of the duality between homology and cohomology, from the Hodge diamond 
of a Calabi-Yau manifold we can also read off the number of its independent (p, q)- 
cycles, defined as equivalence classes of chains. 
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Insert 5. Some peirameterizations of 

We describe some parameterizations of a round three-sphere that are useful in many 
places in the text. For each parameterization we give the explicit embedding in 
with the ranges of the chosen coordinates, the left-invariant one-forms and the 
resulting metric. 



Parameterization 1 






= cos ip cos 9 






= cos ip sin 


Embedding 


< 






= sin V' cos 






x^ = sin ip sin 


Range 


0<V<f O<6',0<27r 






f = sin(^ + (f))d^ + '^'^2^^ cos{e + (p) {dO #) 


One-forms 


< 


(T^ = cos(^ + + "^2^' sin(0 -1- (t>){de dcj)) 






cr^ = — cos^ '4^d6 — SIT? tl^dcf) 


Metric 


(is- = dtp^ + cos- tf'dO- + siu- i,:dcr 



Parameterization 2 


Embedding 


< 


X = cos sin sin -0 
x"^ = sin (f) sin sin "0 
= cos 9 sin ■0 

= cos -0 


Range 




One-forms 




= sin cos + sin ■(/'(sin ^ sin (p + cos cos 9 cos 
+ sin %jj sin cos ■0 sin (/> + sin Tp cos cos 0)^(6 
(7^ = sin 6* sin (pdip + sin '(/'(sin ■)/' cos (f) + cos ^ cos 9 sin 0)d^ 

+ sin Ip sin 0(cos ■)/' cos (j) + sin ^ cos 9 sin (/))(i(/) 
_ = cos ~ sin ^ cos V' sin 9d9 — svc? ip sir? 6d(j) 


Metric 


ds^ = d^^ + sin2 ^lj{de^ + sin^ Odcp"^) 



continues. . . 
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Insert 5 continued. . . 



Parameterization 3 (Euler angles) 






= cos(f)sin(^) 


Embedding 


< 


x2 = cos (f ) cos (^) 
x3 = -sin(f)cos(^) 










= sin (1) sin y^^j 


Range 


0<Tp <4tt 0<9 <Tr 0<^<27r 






(y^ = \ (cos ij)d9 + sin 9 sin ij;d(f)) 


One-forms 


< 


0"^ = ^(— smipd9 + sin 9 cos ipdcf)) 
0-3 = + cos 9 d(j)) 


Metric 


ds^ = + d9^ + d(t? +2 cos ^##) 



the orbifold limit where the geometrical volume of the cycle vanishes. However, the 
tension of the fractional brane remains finite even in the limit, due to its charge under 
the twisted field 6, whose flux through S should necessarily be non-vanishing for this 
interpretation to make sense. 

This interpretation is confirmed by a careful mathematical construction due to 
McKay and Kronheimer |32| I33j , in which the crucial ingredient is the one-to-one corre- 
spondence between irreducible representations of the orbifold group (that, as discussed 
above, define fractional branes) and blown-up two-cycles in the resolved geometry. 

Let us see this from another point of view. Another hint of the validity of the 
description of fractional branes as wrapped branes comes from the following short com- 
putation pij. Consider a D(p + 2)-brane with some non-zero amount of i? -|- IttIs'^F on 
it, that we can think of as having some Dp-brane dissolved into the world-volume. Let 
us also consider another T>{p + 2)-brane with opposite charge. The total world- volume 
interaction coming from the Wess-Zumino action will be: 

Tp+2 j Cp+i ^[{B + 27rh^F) -{B + 27rl,^F)^ , (3.21) 

where we indicate with F the world-volume gauge field of the second D(p + 2)-brane. 
How can we obtain from this configuration a vanishing D(p + 2)-brane charge, but a 
unit Dj)-brane charge? Let us denote as E a particular two-dimensional subspace of the 
world-volume and choose: 

2vr/,2 /(F-F) = i, TE±lfB = l. (3.22) 

This will give us vanishing D{p + 2)-brane charge, and a total Dp-brane charge of 
i + i = 1. We then may identify the two halves as fractional Dp-branes. In this 
description, however, they are completely delocalized in the world-volume of the higher 
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dimensional D-D system. In order to make them localized, it is natural to identify T, 
with the two-cycle of the Ai ALE space which is the blow-up of the C^/Z2 orbifold. In 
the limit where the cycle shrinks to zero size, the Dp-branes are completely localized 
in the orbifolded directions, but are of course free to move supersymmetrically in the 
remaining transverse space, in agreement with our previous analysis. 

From this short check, we have also recovered a very important piece of information 
on our geometry. Notice that, in the limiting process where the two-cycle shrinks to 
zero geometrical volume, the background flux of the -B-field through it remains given 

by ^rm -. 

In fact, though the way we have derived it might seem not very convincing, this is 
precisely the correct value of i?-flux that is needed in order to have a sensible conformal 
field theory description of strings propagating on a C^/Z2 orbifold [HSl IHEji and will 
turn out to be very important in the following. 

Let us make another observation. Up to now, we have considered only a single type 
of fractional brane, but in the C^/Z2 orbifold we have two different types of them, the 
second one corresponding to the "extra" node in the extended Dynkin diagram which is 
the quiver diagram of the theory. This fractional brane can be seen as wrapping a non- 
independent cycle So = — S, with an additional background value of the world- volume 
gauge field turned on along the cycle, that ensures the fact that the fractional brane of 
this type has positive untwisted charge. 



The world-volume action of fractional branes 

Having introduced the interpretation of fractional Dp-branes on orbifolds as D(p + 2)- 
branes wrapped on shrinking two-cycles of the blown-up ALE space, we are now in a 
good position to compute their world-volume action, which will be very useful in the 
gauge/gravity examples of the next chapters. 

The strategy we will follow is simple. The world-volume action of a fractional Dp- 
brane is given by the action of a wrapped D{p + 2)-brane when we correctly take into 
account the properties of the vanishing cycles. 

We still limit ourselves to the specific example of a C^/Z2 orbifold we have been 
considering in this section. To be precise, let us start by considering a fractional Dp- 
brane of type A transverse to C^/Z2. Recall that the action (|2.87j) of a D(p + 2) brane 
in the string frame is given by: 

Sd{p+2) = - rp+2 [ dP+^C e-'^J- det (Cab + ^afe + 27Tls^Fab) 

r (3-24) 

Prom now on, in this subsection we will leave the pull-backs understood to avoid clutter. 
Let us start by considering the Dirac-Born-Infeld part of the action. Denote with 



61 



a = 0, . . . ,p, the coordinates along the unwrapped world-volume and suppose that the 
only non-vanishing part of B is given by: 

B = bu2, — ^ = - H ^ , (3.25) 

(27r/,2) 2 (27r/,2)' ^ ^ 

where i02 is the anti-self dual two- form which is dual to the two-cycle 5^, and b is the 
fluctuation of the "twisted" field b around its background value given in (|3.23|) . The 
two-form laJ2 satisfies the following important properties: 

UJ2 = -*^UJ2, / W2 = l, / UJ2/\UJ2 = -^. (3.26) 

Js^ Jale 2 

Now, we assume that the world- volume gauge-field is turned on only in the directions x". 
Supposing that the metric has no support on S"^, we then get the following expression 
for the Dirac-Born-Infeld part of the action: 



S^Bi = -rp+2 J dP+^i e-*^-det(G„/3 + 27r/,2F„^) j b uj2 



(3.27) 



where we have used ()3.26() . From the coefficient in front of the action, we immediately 
see that the tension of the fractional brane results to be half of the tension Tp of a bulk 
brane. This fits nicely with what we know about fractional branes. 

Turning to the Wess-Zumino part, we have to decompose the R-R potentials in two 
components, respectively outside and along the cycle, as: 

Cq = Cq+ Aq.2 A L02 ■ (3.28) 

Let us start by considering the decomposition of Cp+s, where in order to be able to 
integrate on the {p + l)-dimensional world- volume of the fractional brane we should 
only consider the "twisted" component: 



Tp+2 / C'p+3 — rp+2 / A Ul2 

JMp+3 J Mp+2. 



/ ^,+1 1-2 = ^1 . (3.29) 



Considering now Cp-j-i, one starts by getting the following term: 

rp+2 / Cp+iAB ^ rp+2 / Cp+ibAu;2 = ^ / Cp+i ( 1 + ] . (3.30) 

JMp+3 JMp+3 ^ JMp+i \ 27r^/s J 

Therefore the first term of the expansion of the Wess-Zumino action becomes: 



2 



M 



p+i 



(3.31) 
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If we consider any other lower rank potential, we see that the relevant contributions to 
the Wess-Zumino action always involve the following combinations of fields: 



Recalling H3.27() . the world- volume action for a fractional Dp-brane of type A on a 
C^/Z2 orbifold can be cast in the following simple form: 



Shp = -J I c^^+'e e-*^-det {Gafs + 27rh^ F^f,) (^1 + 



2ttH/ 



(3.33) 



This expression for the action of a fractional Dp-brane is also confirmed by the couplings 
of the brane to the bulk fields, computed with the boundary state formalism |37| and 
with explicit computations of string scattering amplitudes on a disk _38_ . 



3.4 D-branes on orbifolds: a summary 

In the previous section, we have studied in detail the explicit example of Dp-branes on 
/Z2 orbifold, and we have uncovered a lot of features which are characteristic 
of branes on orbifolds in general. 

In this section we will try summarizing the properties of D-branes on orbifold spaces, 
without relying on a particular example. We are mainly interested on type II string 
theory on two different general kinds of orbifolds: 

• M}'^ X C^/r orbifolds, with F a discrete subgroup of SU (2). These orbifolds break 
one half of the supersymmetries of flat space, so the theory living on a D-brane 
transverse to the orbifold preserves 8 real supercharges. Orbifolds of this kind arise 
as singular limits of Calabi-Yau twofolds (in the compact case, the K3 manifold). 

• M}'"^ X C^/T orbifolds, with F a discrete subgroup of SU (3). These orbifolds break 
three quarters of the supersymmetries of flat space, so the theory living on a D- 
brane transverse to the orbifold preserves 4 real supercharges. Orbifolds of this 
kind arise as singular limits of Calabi-Yau threefolds. 

Let us introduce the regular representation TZ of the orbifold group, which is a re- 
ducible representation of dimension |F|, the order of the group. This can be decomposed 
into irreducible representations T>j of dimension n/, / = 1, . . . , /c — 1, as: 

fc-i 

n = ^niVi, = |F|. (3.34) 

/ /=o 

We distinguish two kinds of D-branes on orbifolds: 
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• Regular D-branes are defined by the fact that the Chan-Paton factors of the open 
strings attached to them transform in the regular representation TZ of the orbifold 
group r. 

The gauge theory hving on the world- volume of regular Dp-branes is a (p + 1)- 
dimensional quiver gauge theory with gauge group H/^^ U{njN) and matter in 
the bifundamental representation of adjacent nodes in the quiver diagram. Due 
to the matter content, the gauge theory does not exhibit a scale anomaly. 

In the case of C^/F orbifolds, F C SU(2), we can find a general recipe for de- 
riving the quiver diagram of the theory. Start by the following decomposition of 
representations of T: 



where Q is the defining two-dimensional representation. One finds that a/j is the 
adjacency matrix of the extended (affine) Dynkin diagrams of the A-D-E series, 
which allows to classify the discrete subgroups of SU (2) in an A-D-E classifica- 
tion. This fact, known as McKay correspondence, has even more surprising conse- 
quences, since one finds that the matrix a/j also precisely gives the connections of 
the quiver diagram of the corresponding gauge theory arising on D-branes in the 
orbifold! For example, in insert |21 on page 1531 we show the diagram corresponding 
to F = A^-i = Ztv, an abelian group whose irreducible representations are 
one-dimensional . 

• Fractional D-branes of type / (/ = 0, . . . ,k — 1) are defined by the fact that 
the Chan-Paton factors of the open strings attached to them transform in the 
irreducible I-th representation T>j of the orbifold group F. 

The gauge theory living on the world-volume of fractional Dp-branes of type / 
is pure {p + l)-dimensional Super Yang-Mills theory with gauge group U{nfN). 

Fractional Dp-branes can generally be interpreted as D(p + 2)-branes wrapped on 
a two-cycle of the ALE space arising as the blow-up of the orbifold, in the limit 
where this cycle shrinks to zero size. This gives a natural interpretation to many 
of their properties, and allows to obtain in a simple way important results such 
as their world-volume action and their tension, which is related to the one of the 
corresponding regular brane by = j^. 

The blown-up ALE space is obtained by a resolution procedure analogous to the 
one described in section In the case of the ^at-i series, relevant to the blow- 
up of C^/Z^r orbifolds, the metric of the ALE space can be written explicitly as 
the multi-centered Gibbons-Hawking metric |39j : 



(3.35) 



J 



ds'^ = V-^{dz - A • y)2 + Vdy ■ dy , 




N-l 



(3.36) 




64 



where for simplicity we omitted some dimensionful constants. Through a change 
of coordinates, the Eguchi-Hanson metric ()3.19|) can be written as the N = 2 case 
of H3.36() . The ALE space (|3.36() has — 1 blown- up two-spheres on which we 
can wrap a D(p + 2)-brane in order to obtain — 1 different types of fractional 
Dp-branes when the cycle shrinks. Each two-cycle is associated to a node of the 
extended Dynkin diagram of the A-series, except the trivial node. The A^th type of 
fractional brane is obtained by wrapping a D(p-|-2)-brane on the non-independent 
cycle corresponding to the trivial node of the extended diagram, with a suitable 
world- volume gauge field turned on, as we saw in the specific example of C^/Z2. 

Orbifolds of AdS/CFT 

A brief comment is in order about the possibility of realizing in this less supersymmetric 
context an exact gauge/gravity duality as the one described in section ?IM In fact this 
turns out to be possible, but only when the four-dimensional gauge theory involved in 
the duality is conformal, as in the original AdS/CFT duality. 

To be a little more specific, consider A^ regular D3-branes transverse to a C^/Zj\,/ 
orbifold. The gauge theory living on their world-volume, as we have learnt, is a su- 
perconformal quiver gauge theory with N = 2 supersymmetry whose quiver diagram is 
given in insert El on page EHl 

One can then take a near-horizon limit on the D3-brane geometry, exactly as the one 
performed in section EEl for D3-branes in flat space. The resulting geometry turns out 
to be AdSs X S'^/Zm, where the Zm factor acts only on the five-sphere leaving a great 
circle 5^ fixed. Since the AdS^ part is untouched, we still expect the same matching of 
symmetries we found for the = 4 theory, and conclude that type IIB string theory 
on AdS^ X /"Lm is dual to the J\f = 2 superconformal quiver theory [30]. Notice that 
a similar construction exists also for J\f = 1 theories. 



3.5 Stretched branes and a duality web 

In this section we will introduce some useful dualities that will allow us to understand 
better the connection between fractional and wrapped branes, and between them and 
a new scenario consisting of branes stretched between branes j41|.^ 

Let us start from the Gibbons-Hawking metric (|3.36|) that, as we have explained, 
describes the A^^i ALE space obtained by resolving a C^/Zjv orbifold. By changing 
variables in an opportune way, we can pick the vector y in 1)3. 36(1 to be parameterized by 
y = while identifying z = . We now perform a T-duality transformation 

along the compact direction using the rules p.72jl . The resulting new background 
reads: 

ds"^ = r^^pdx'^dx^ + V{y){{dx'^f + SijdxUx^) , 

L (3.37) 



e'" = v{y) = E 



=0 



■^For a review on this approach see for instance 
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NS5 NS5 




Figure 3.3: The scenario of branes strctclrcd between branes. A single D(p + 1) branc is 
suspended between two parallel NS5-branes along the compact direction of circumference 
21:1. The two D(p + l)-brane segments connecting neighboring NS5-branes have the T-dual 
interpretation of fractional Dp-branes on a C^/Z2 orbifold. 



where a,/3 = 0, . . . , 5 and i, j = 7,8,9 and we reinstated correct dimensionful units. 
The background (|3.37j) has also to include a NS-NS two-form field B%i (coming from 
the fact that the ALE background had non- vanishing Ggi) which is a vector satisfying 
Vy = V X B. 

As a necessary result of applying the T-duality rules, we have reached a solution 
describing an object which is completely delocalized along . However, in the ALE 
space we started with, we have particular points along the compact direction where 
two-cycles shrink, so we expect that winding states behave in some special way, implying 
a localized structure for the resulting new background. The simplest possibility for a 
solution to be completely localized along x = (x^, . . . , x^) is being harmonic there. 
Therefore, we replace V{y) with: 

N-\ 2 

^(^) = 1 + E T^ir^2 ■ (3-38) 

i=o ^ ^' 

We can now easily identify the string frame background (|3.37() . together with the 
function (|3.38|) . as a solution describing a system of NS5-branes ()2. 111(1 arranged on 
a circle on x^\ We have then discovered that systems of parallel NS5-branes on a circle 
are T-dual to ALE spaces. 

Let us now consider for simplicity a blown-down A\ ALE space, namely a C^/Z2 
orbifold. What happens to the dual background (j3.37|l once we consider regular or 
fractional Dp-branes in the orbifold? A T-duality along x^ transforms a Dp-brane into 
a D(p + l)-brane, so in the T-dual setup we have a D(p + l)-brane stretched along 
x^ between the two parallel NS5-branes, as in the following table where | — | denotes a 
longitudinal direction in which a brane may have a finite extent: 
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Figure 3.4: A quiver diagram (here the simple Ai diagram) has the dual interpretation of a 
diagram representing D-branes stretched between NS5-branes along a compact direction. Notice 
that the role of nodes and arrows is reversed. 
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The general setup of branes suspended between branes which is T-dual to a C^/Z2 
orbifold is depicted in figure ESI It preserves eight supersymmetries, since each type 
of brane breaks half of the supersymmetries of flat space, and this matches the super- 
symmetry of a D-brane in the orbifold. Notice also that the quiver diagram describing 
the gauge theory living on a regular D-brane on C^/Z2 has a nice dual interpretation 
in terms of this configuration, as shown in figure mi 

In this singular ALE space, we know that fractional branes are tensionful because 
of the non- vanishing flux (|3.23|) of B along the shrinking two-cycle S. The T-duality 
operation maps this flux onto the distance L between the NS5-branes in the direction, 
so that the two segments in figure have lengths proportional to 2Tri Jj, B and 27r^(l — 
jj. B), respectively. Due to ()3.23|) . we see that in the background T-dual to the orbifold 
the two NS5-branes are equally spaced along x^. 

This fact leads us to the interpretation of fractional branes in this dual setup. The 
two types of fractional Dp-branes on C'^/Z2 are mapped to the two consecutive T){p+1)- 
brane segments in figureEHl which together make a full regular brane. In this scenario, 
the interpretation of fractional branes as "fractions" of a regular brane is literal and 
straightforward. Notice that a brane segment can exist independently only if the two 
NS5-branes are located at the same point in the space and this is the 

manifestation of the fact that fractional branes are stuck at the orbifold fixed point. 
Notice finally that all the reasoning above can easily be extended to the full Aj^^i ALE 
series. 

The stretched brane scenario also allows us to describe how fractional branes on 
orbifolds are related to the wrapped branes we introduced in section 13.21 In fact, 
we can think of performing a new T-duality on the system with the NS5-branes, this 
time along one of the directions transverse to both the NS5 and D-branes. The NS5- 
brane background will again transform into an ALE space, but the fate of the stretched 
D(p+l)-brane segment is rather different, since it becomes a D(p+2)-brane wrapped on 
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a two-cycle of the ALE space, which now has a finite geometrical volume proportional 
to the distance of the NS5-branes in the original setup! This configuration is precisely 
the one of a T){p + 2)-brane wrapped on a two-cycle inside a non-compact Calabi- 
Yau twofold that we studied in section and we have now seen how it is related to 
fractional branes via an interesting chain of dualities. 

3.6 Breaking more supersymmetry 

Up to now, we have mainly considered setups with eight preserved supercharges on the 
world-volume of D-branes. Now we will be specifically interested in breaking additional 
supersymmetry. This could be obtained simply by using tools we already presented, 
such as branes wrapped on cycles inside Calabi-Yau threefolds, or C^/F orbifolds, where 
r is a discrete subgroup of SU{3). In fact, we will explicitly use both these classes of 
examples in chapter El but here we would like to follow a different route, that in our 
opinion is useful to shed some light on the importance of the underlying geometry of 
the systems we are considering, and in particular on the deep relation existing between 
gauge theories and geometry. 

Discovering the conifold via gauge superpotentials 

Our starting point will again be the example we treated most, the C^/Z2 orbifold, that 
we will consider here from a more geometrical point of view. Specifically, we consider 
fractional D3-branes in the orbifold, thus concentrating on the case of four-dimensional 
gauge theories. 

Recall from section lS^^ that the C^/Z2 orbifold is defined by the identifications 1)3. 1U() 
of two complex coordinates: 

zi -z\ , Z2 -Z2 . (3.39) 

We can introduce three complex variables that are invariant under (|3.39j) : 

n = , V = Z2 1 z = iziZ2 . (3.40) 

Thus, we can naturally regard our C^/Z2 orbifold as a geometrical hypersurface embed- 
ded in C^, defined in terms of the above variables by the following algebraic equation: 

uv + z^ = {). (3.41) 

To obtain another useful form of the above equation, let us change variables according 
to u = X + iy, V = X — iy, so that it reads: 

+ y2 + ^2 ^ . (3.42) 

In this description, it is immediate to point out the singularity at the origin x = y = 
2 = 0, and to identify the shrinking two-sphere we have introduced in section 13.31 by 
essentially taking the real part of (|3.42j) . 
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In section 13.31 we have discussed a way to remove the singularity of this orbifold 
by turning on the Kahler deformation parameter r. We also observed that the NS- 
NS twisted spectrum of the string also contains an additional complex scalar whose 
vacuum expectation value parameterizes the deformation of the complex structure of 
the space encoded in 1)3. 42() . In fact, one can see that turning on the modulus modi- 
fies (|3^ as follows: 

+ + + = 0, (3.43) 

where we have defined e = {27rls'^)'^£,. Thanks to this deformation, we see that the 
singularity at the origin has been removed and the two-sphere has acquired a finite 
radius. This finite radius of S"^ was also a property of the resolution of the orbifold we 
studied in section 13.31 and this is an indication that we are performing an equivalent 
operation, as one can easily understand by recalling the symmetry which relates in this 
case the Kahler and complex deformation parameters. However, the two ways one may 
use in order to remove the singularity (the resolution by blowing up two-spheres and 
the deformation by changing the defining equation) are not always equivalent, as we 
will see. 

It is interesting to study the effect that the deformation (|3.43|) has on the low-energy 
gauge theory living on the world-volume of fractional D3-branes. When studying the 
spectrum of the open strings attached to a fractional D3-brane, we limited ourselves to 
the standard on-shell massless states, which gave rise to pure N = 2 Super Yang-Mills 
theory. However, it is possible to construct in string theory also the auxiliary fields that 
would be necessary for a superfield description of the low-energy gauge theory In 
particular, define three auxiliary fields D^, c= 1, 2, 3 as: 

^'-Cfcd/sV'^/slO,^), (3.44) 

where f]'^^ are the anti-self dual 't Hooft symbols. If we define D = + iD'^, it is not 
too difficult to show that the string disk amplitude (V^Vd) ~ S,D is non- vanishing. This 
means that the low-energy non-abelian gauge theory effective action acquires a term of 
the form: 

Sfi ~ / d^x (e Tr D + c.c.) , (3.45) 

that can be also completed to a full N = 2 supersymmetric Fayet-Iliopoulos term by 
considering the r modulus in addition to ^ |3Uj . 

What is the gauge theory origin of this Fayet-Iliopoulos term? Using an AA = 1 
language, we can think of it as arising from a tree-level superpotential for the chiral 
superfield <I> in the adjoint representation of the U{N) gauge group, given by: 

W{^)=CTt^. (3.46) 

To translate (|3.46|) into geometrical quantities, we define the complex variable t = 
27r/s^Tr<I>, which naturally parameterizes the plane in which the fractional branes are 
free to move supersymmetrically. In terms of t and of the deformation parameter 
appearing in (|3.43|) . we then have: 

W{t) = {27rls^ f W{^) = et , (3.47) 
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so that we can write the defining equation of the deformed geometry as: 

x'^ + y'^ + z'^ + W'{tf = 0. 



(3.48) 



Notice that, in this case, the Hnear superpotential has the only consequence of adding a 
constant term to the action, which then remains M = 2 supersymmetric. In geometrical 
terms, we have a trivial fibration of the four-dimensional ALE space over the complex 
plane parameterized by t. The non-trivial part of the ambient geometry then remains 
the one of a Calabi-Yau twofold, and we can understand the reason of the preserved 
supersymmetry. 

However, from the latter observation, it seems natural to ask what happens when 
we consider a non-trivial fibration of the ALE space over the t-plane. This corresponds 
to taking a general superpotential in ()3.48|) . In particular, we can take the simplest 
superpotential which is known to break the supersymmetry of the gauge theory from 
N = 2 down io N = 1, namely a mass term for the adjoint superfield: 

M^($) = imTr$2. (3.49) 

Using 1)3. 47|) . we see that (|3.48p becomes the following equation in C^: 

+ 2/2 + + u,2 = . (3.50) 

where we have introduced the new complex coordinate w = 2TTls'^mt. We can decouple 
the massive adjoint multiplet by taking m —>■ oo, but in doing so we keep Ig'^m finite 
so that the geometry (|3.50() still makes sense. A stack of fractional D3-branes in the 
geometry (|3.50p then supports pure J\f = 1 Super Yang-Mills theory! The non-trivial 
fibration of the ALE space over the t-plane has led us to the geometry of a Calabi-Yau 
threefold, which breaks additional supersymmetry. 

In fact, the the equation (|3.50jl defines a very well known non-compact Calabi-Yau 
threefold, the conifold jSHHj, which, as we have just seen, is a natural setup in order 
to study geometric duals of four-dimensional Af = 1 gauge theories. We will elaborate 
more on this setup in chapter El 

However, let us now continue with the analysis of this space. The first observation 
we can make is that it is evident from (|3.50|) that the conifold is a singular space. The 
conifold can be described as a cone over the space T^'^ = ^^C^y^^^^^C^) ^ which can be 
topologically thought of as x S"^. At the tip of the cone, the volume of both spheres 
vanishes, and we have the singularity.^ The singularity present at the origin of the 
space is in a certain sense "worse" that the singularity of the orbifold we started with, 
because a conformal field theory (such as perturbative string theory) on the conifold is 
not well defined. 

Nevertheless, also in the case of the conifold we have the possibility of smoothing 
out the space by removing the singularity. We can act in two ways that, differently 
from what happened in the C2/Z2 orbifold, are now inequivalent: 

*The conifold and the T^'^ space will be studied in more detail in section ^^.21 and in insert on 
page [nil 
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Figure 3.5: The singularity of tlie conifold can be removed in two ways. Deformation of the 
complex structure blows up the yielding the deformed conifold, while deformation of the 
Kahler structure blows up the S*^ and gives the resolved conifold. 

• Resolution. The deformation of the Kahler structure leaves the defining equa- 
tion (|3.5()j) invariant, but removes the singularity by blowing up the two-sphere 
of T^'^, which acquires a finite volume at any radius. 

• Deformation. The deformation of the complex structure modifies (|3.5fl|) as: 

x"^ + y"^ + z"^ + w'^ = e'^ , (3.51) 

where e is a new deformation parameter. It is easy to see that the resulting space, 
the deformed conifold, has a three-sphere of finite volume at any radius. 

The singular, resolved and deformed conifold spaces are depicted in figure 1531 

Notice that, in perfect analogy to our interpretation of fractional branes on orbifolds 
as wrapped branes (see sections (3. 313. 4|) . the fractional D3-branes stuck at the tip of the 
cone of the singular conifold can be thought of as D5-branes wrapped on the blown-up 
5^ of the resolved conifold. It is also very interesting to follow the fate of the branes 
once we deform the conifold, and this will be the subject of the next subsection. 

Before proceeding, let us complete the picture of D-branes on the conifold by con- 
sidering what happens to the regular D-branes on the C^/Z2 orbifold once the geometry 
flows to the conifold via the construction we just described. Recall from section HOl that 
the gauge theory living on N regular D3-branes on C^/Z2 is a U{N) x U (N) quiver 
theory described by the following diagram: 




In Af = 1 notation, the matter content consists of two adjoint chiral superfields $ and 
$, and four chiral superfields, Ai and Bi, i = 1,2, transforming respectively in the 
(N,N), (N,N) representations. There is also a tree-level superpotential of the form: 

~ Tr $ {AiBi - A2B2) + Tr !> {BiAi - B2A2) . (3.52) 
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We have seen that in order to recover the conifold geometry, we have to add to the 
tree-level superpotential a supersymmetry-breaking mass term for the adjoint chiral 
superfields: 

I 

-m (Tr$2 -Tr$^). (3.53) 
Integrating out the adjoint superfields, we get the quartic superpotential: 

W ~ Tr{AiBiA2B2) - Tr{BiAiB2A2) . (3.54) 

We can then conclude that the theory living at low energies on the world-volume of 
M regular D3-branes transverse to the conifold is a SU{M) x SU{M) J\f = 1 gauge 
theory |3H]j with matter fields Ai, Bi and tree-level superpotential given by (|3.54|) . The 
amount of matter makes this gauge theory conformal, in agreement with our general 
considerations. We can also generalize the configuration by considering M regular 
and A^-fractional D3-branes on the conifold. The resulting J\f = 1 gauge theory will 
have gauge group SU{M + N) x SU{M), plus the usual matter in the bifundamental 
representations, and will be a non-conformal theory. 

Geometric transitions 

Summarizing our findings, N fractional D3-branes at the tip of the conifold, or better 
N D5-branes wrapped on the blown-up two-sphere of the resolved conifold, support on 
their world- volume pure M = 1 Super Yang-Mills theory with SU{N) gauge group. 

What happens to the branes if we deform the complex structure and give finite 
volume to the three-sphere of T^'^, thus reaching the deformed conifold? The idea put 
forward in j47| I48j . is that in the transition of the topology D-branes disappear and 
are replaced in the deformed geometry by fluxes of the NS-NS and R-R three-form 
field strengths. Thus we get a pure closed string background, which is interpreted 
(at large A^) as the infrared geometric dual of the M = 1 gauge theory on the D5- 
branes. The transition from the resolved to the deformed geometry has the dual gauge 
theory intepretation of gaugino condensation, and in fact the deformation parameter 
can essentially be seen as the expectation value of the gaugino condensate. 

We will not insist here on the original motivations and derivation of this duality, 
which came from (a mirror description of) the embedding in the superstring of a du- 
ality between topological strings and Chern-Simons theory. Instead, we will study it 
from a low-energy supergravity perspective in section \^.2\ where the link between the 
deformation of the geometry and gaugino condensation will appear clearly. 

What we just sketched for the conifold is a particular case of the more general frame- 
work of "geometric transitions", initiated in [471 148j .^ in which dualities are interpreted 
as transitions in the geometry. In this framework, four-dimensional gauge theories are 
engineered via configurations of D5-branes wrapped on two-spheres of resolved mani- 
folds. The resolved Calabi-Yau threefold where the D5-branes are wrapped is obtained, 
as in the previous subsection, as a non-trivial fibration of an ALE space over a complex 

^See also for instance |iniE3iniE2- 
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Figure 3.6: Geometric transitions exchange D-branes on resolved manifolds with fluxes on 
deformed manifolds. 



plane, dictated by the tree-level superpotential for an adjoint superfield which breaks 
the M = 2 supersymmetry down to N = 1: 



X 



+ y'^ + + W'{tf = Q. (3.55) 



By this construction, one can consider a very large class oiN = 1 quiver gauge theories. 
In all cases, the infrared dynamics is captured by the dual deformed geometry, defined 
by: 

+ + 2"^ + W'{tf + fn-i{t) = Q (3.56) 

(with /n_i a polynomial of degree n — 1 in t, n being the degree of W'{t)), where 
branes have been replaced by fluxes through (compact and non-compact) three-cycles, 
as depicted in figure rUH We will not enter into more details of this framework here, 
but just introduce an important ingredient which we will use in the following chapters. 
This piece of information on = 1 gauge theories that is possible to extract from this 
framework is the effective superpotential which is non-perturbatively generated in the 
infrared. It is given in terms of the type IIB complex three-form G3 = dC2 + (Co + 
ie~^)dB2 and of the holomorphic (3, 0)-form of the non-compact Calabi-Yau threefold: 

^ 1 f dx A dy A dz A dt / „x 

n = — (b ^— , (3.57) 



27ri fp=Q F 



where F{x,y, z,t) = is the defining algebraic equation (|3.56|) of the manifold in C^. 
The remarkable proposal of [ESI HHj is that the effective superpotential of the gauge 
theory is given by the superpotential of the type IIB string on the Calabi-Yau: 



Gi n- n Gs 

A, J Bi J Ai JBi 



(3.58) 



where we have chosen a standard basis of orthogonal cycles on the non-compact Calabi- 
Yau, Ai being compact and Bi being non-compact three-cycles, as in figure The 
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formula H3.58() . which was originally obtained by considering tensions of domain walls 
in the gauge theory, will be used in chapter [51 to obtain the effective superpotential 
of some N = 1 gauge theories of interests, starting from supergravity solutions and 
geometrical considerations. 
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4 

Gauge/Gravity with Eight 
Supercharges 

In this chapter we wih examine some explicit examples of gauge/gravity correspon- 
dence for scale- anomalous gauge theories, in the case the theory preserves eight real 
supercharges. We start from two specific examples of classical solutions dual to a 
three-dimensional gauge theory, allowing us to concretely expose the main issues one 
encounters when looking for such solutions and trying to extract from them relevant 
gauge theory information. After studying the two examples, we continue with some gen- 
eral discussion on the gauge/gravity correspondence for the considered class of gauge 
theories and end the chapter with a study oi N = 2 four-dimensional Super Yang-Mills 
theory from super gravity. 

4.1 An example with wrapped D-branes 

In this section we analyze our first explicit example of gauge/gravity correspondence in 
a case where the gauge theory has a scale anomaly and less than 16 supersymmetries. 
In fact, as we already did several times in the previous chapters, instead of giving a 
general recipe for finding supergravity solutions and interpreting them in gauge theory 
terms, we prefer concentrating on the illustration of a simple example, and then to 
extract general properties subsequent step. 

The example we are going to study consists of a system of N D4-branes wrapped on 
a two-cycle inside a non-compact Calabi-Yau twofold j541 155j . This is exactly the first 
configuration we used to illustrate the topological twist in section 13.21 so we already 
know that the gauge theory living on the (2 + l)-dimensional "flat" part of the world- 
volume of the D4-branes is pure Super Yang-Mills theory in 2-1-1 dimensions with 8 
supercharges (which gives = 4 supersymmetry in three-dimensional language) . 

The configuration under study is schematically shown in the following table: 

CYa 
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Finding the supergravity solution 

The goal is to find a classical description of our wrapped D4-branes, similarly to what 
we did for D-branes in flat space in chapter [2j This subsection will be rather technical, 
so the reader who is not interested in the details of the derivation can directly proceed to 
the solution (|4.14j) and to the next subsection, where the dual gauge theory is discussed. 

One could in principle work in ten-dimensional type IIA supergravity, write a suit- 
able ansatz for the system, then solve the equations of motion and find the solution. 
This is, however, not a simple task because it is not easy to implement directly in ten 
dimensions the topological twist that we have seen to be necessary from the point of 
view of the gauge theory living on the brane. 

We therefore proceed in a longer way that has been introduced in "SI". We take 
inspiration from the fact that the near-horizon AdS^ geometry generated by D3-branes 
in flat space can also be thought of as a domain-wall solution of the five-dimensional 
gauged supergravity theory which is obtained by compactifying type IIB supergravity 
on S^. In such case, however, things are simple and none of the scalars or gauge fields 
of gauged supergravity are turned on. However, the gauge fields of gauged supergravity 
can be used as the main tool for implementing the topological twist at the level of 
classical solutions, thus allowing us to construct solutions describing (the near-horizon 
geometry of) Dp-branes wrapped on supersymmetric cycles. 

Let us then consider the generic case of a p-brane in a D-dimensional theory (where 
of course D = 10 for the case of a D-brane or NS5-brane and D = 11 for the case 
of an M-brane). Analogously to the case of D3-branes, we can now compactify the 
relevant supergravity on the sphere S^^^^"^, obtaining a (p + 2)-dimensional gauged 
supergravity theory. The maximal gauge group of this gauged supergravity will be 
given by the isometry group SO{D — p — 1) of the sphere we compactified on. 

In this theory, we look for a domain wall solution that preserves the desired amount 
of supersymmetry, but now we also turn on appropriate gauge fields to implement the 
topological twist. How does this work? In gauged supergravity the supersymmetry 
preserving condition contains also the gauge fields and can schematically be written 
as {df^ + LOf^ — Afj_) e = 0. As discussed in section 13.21 the twist corresponds to the 
identification of some of the gauge fields with the spin connection of the manifold 
around which the brane is wrapped, = a;^ , so that the request of finding covariantly 
constant spinors is equivalent to that of just finding constant spinors. 

Once the solution with the correct properties has been found, the last step is to 
uplift it to D dimensions by using the formulae given in |56| 15 7j . The whole procedure 
is summarized in figure WTH 

In fact, for the specific example we treat in this section we will follow a slightly 
longer way. Instead of starting from a six-dimensional gauged supergravity as it would 
be natural for a D4-brane, we look for an eleven-dimensional solution describing an M5- 
brane wrapped on a two-sphere inside a Calabi-Yau two- fold. The D4-brane solution 
we are interested in will then be obtained by direct dimensional reduction from eleven 
to ten dimensions. This choice is mainly due to the fact that we do not explicitly know 



76 



D= 10, 11 
SUPERGRAViTY 



CO CL 

E 

o 



D=10, 11 
WRAPPED 

p-BRANE 
SOLUTION 








• 




■ 


(p + 2)- 
dimensional 




Identify 
GAUGE and SPIN 
CONNECTIONS 




(p + 2)- 
dimensional 


GAUGED 
SUPERGRAVITY 


► 

"Twist" 




Solve (first order) 
equations of motion 


DOMAIN WALL 
SOLUTION 



Figure 4.1: Finding the supergravity solution describing a wrapped p-brane. 



the relevant six-dimensional gauged supergravity, but on the other hand it allows us to 
have a non-trivial eleven-dimensional M-brane solution as a by-product. 

We therefore start looking for a domain wall solution in seven-dimensional gauged 
supergravity with the required properties. The starting point is the gauged supergravity 
considered in [SHI EH- It is a U{1) x U{1) consistent truncation of the 5*0(5) gauged 
supergravity arising when one compactifies eleven dimensional supergravity on a four- 
sphere S"^. The bosonic field content of the truncated theory consists of the metric, two 
U{1) gauge fields A^^'"^^ and two scalar fields Ai^2- 

By setting to zero the supersymmetry variations, one finds the following domain 
wall solution: 

^4) = (|^)^'''e^.,dr(^e^• 
+ R\ (e\e^P - l){de^ + sin2 §d4>^) + e-^^dp^) , 

A(^) = ^ cos ed4>, A(2)=o, 

A = A2, 2Ai+3A2 = 0, 

where 9 and (p E'-re the coordinates along the two-sphere that supports the wrapping, 
Ra = 2(7riV)i/3/p is the radius of the AdS-j space appearing in the near horizon limit 
of the usual "flat" M5-brane solution ()2.115|) . Rq is an arbitrary integration constant 
with dimension of a length and A; is a (dimensionless) integration constant. Notice 
that all the coordinates entering in the above solution are dimensionless, except those 

77 



(4.1a) 

(4.1b) 
(4.1c) 

(4.1d) 



spanning the unwrapped part of the world-volume of the wall, i = 0, ... ,3, which 
have dimensions of a length. 

The seven-dimensional solution can be lifted to eleven dimensions with the help of 
the formuae given in which we rewrite here: 

(4.2a) 

2 2 



, 2 

+ E ^r'^(M') A (#. + A . (4.2b) 

Here and below, hats will always refer to eleven-dimensional quantities (recall that our 
notations are summarized in insertion page|HI). The above formulae are written in the 
notation of j^: g is the seven dimensional gauged supergravity coupling constant, £(7) 
is the seven dimensional volume form, A^^''^^ are the two U (1) gauge fields, the Xq. are 
a suitable parameterization of the 2 scalars present in the theory and A is given by: 

2 

A^^X„^2^ (4.3) 
0=0 

where Ha parameterize a two-sphere: + /if + /i| = 1. The quantities appearing 
in the uplift formulae are given in terms of those appearing in (|4.1|) by the following 
expressions: 

^ = (^) ' , Xo = X, = e'' , X, = e-'' , A^'''^ = 2A('''^ , 

A = e^^A = e^-^ cos^ x + sin^ x , £(7) = - ^J--detG^) dS,o A ■ ■ ■ d^s A d9 A d(f> A dp , 

(4.4) 

where we have chosen the following parameterization for /ij: 

//Q = cos X cos 6* , /ii = cos X sin , /U2 = sinx- (4-5) 
By using the above expressions we are now ready to write the full solution in eleven 
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dimensions: 



+ A-2/3 ' (^^dp^ + Adx^ + cos2 xide^ + sin2 fld^.^) 

+ e^^ sin^ X (^d^/; + cos 9d(fj ^ ^ , (4.6a) 

^dCs = e^''(e2'' - i) sine ( 2(A + 2) df A ■ ■ ■ A df A dO A d(j) A dp 
+ ^dp{e^^) sm{2x) d^° A ■ ■ ■ A df A dO A d4> A dx 

+ ^TT-^T^^ A • • • A ^ dp A A (# + cos | (4.6b) 



16 (e2p - 1)2 sine 

where we have also relabeled the angles appearing in (|4.2|) : = ip, (p2 = ip- This 
solution describes the near-horizon geometry of an M5-brane wrapped on a two-sphere. 
The unwrapped world- volume coordinates are . . . , (^^, the wrapped ones are 9 and 0, 
and the remaining coordinates are transverse to the brane. From 1)4. 6bl) we can compute 
the three-form potential: 

R\ e'^ cos^ X cos 9 sin ( 



Cs =^ d9 Ad(t)A dip 

8 A 

R\ e^^ (A -I- 2) cos^ X sin x cos 9 



+ 



A2 



dxAdipA {dip + cos 9d(j)^ (4-7) 



R\ <9o(e^-^) cos'^ Ysin^ vcos^ , , 
+ dp A dip A [dip + cos 

The last step consists of compactifying to ten dimensions the M5-brane solution just 
obtained along one of its non-wrapped world-volume coordinates (that we choose to be 
^^), in order to get the solution describing the geometry of wrapped D4-branes. The 
compactification is obtained by means of the standard expressions in the ten dimensional 
string frame: 

{Gst)t.u = {G33)'^^G^u , (4.8a) 
e'" = (G33)^/' , (4.8b) 
(C3)^.p = (C'3)m.p > (4.8c) 

where we have split eleven dimensional indices in /i = i^^} . This is all we need to 
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get the final expression for the wrapped D4-brane solution [551: 

\Ro J Ro 
+ ^ A-V2eP (^^dp^ + Adx^ + cos2 xide^ + sin^ Bdip^) 

+ e^^ sin^ X (di^ + cos Odcj)) ^ ) , (4.9a) 



e^^ = (^^\v\^P ^ (4.9b) 

^ R\ e^'*' cos^ y cos sin ~ ~ 

Cs = ^ \ d9 AdcpA dip 

8 A 

i?4 e^'^(A + 2) cos^ Ysin Ycos 6* , , /,, 
+ ^ dx/\dipA [dip + cos 



R^A doie"""" ] COS" X Sm" X COS U , , /,, ;r,7\ /, ^ 

+ -^^^ ^ dp A dip A (dil) + cos 9d(t>j , (4.9c) 

where the functions e^'^ and A entering the solution are given by: 

e^P + ke-^P-^ 
e^P - 5 

A = e^^ cos^ X + sin^ X- (4. 10b) 

Before proceeding let us briefly summarize the roles of the various coordinates and 
constants appearing in H4.9() - ()4.10p : 

• ^"''^ (a, /? = 0, 1, 2) are the coordinates along the unwrapped brane world- volume; 

• , </> are the coordinates along the wrapped world- volume; 

• p is a radial coordinate transverse to the brane; 

• X) ^) '/'i "0 parameterize the "twisted" four-sphere transverse to the brane; 

• Ra is the radius of the AdSj space appearing in the near horizon geometry of 
the usual "flat" M5-brane solution, which is given in terms of ten dimensional 
quantities by Ra = 2ls{TTgsN)^/^ ; 

• i?o is an arbitrary integration constant with dimension of a length that we will 
show to set the scale of the radius of the 5^ on which the D4-branes are wrapped; 

• is a dimensionless integration constant. 

All coordinates are dimensionless except which have dimension of a length. 



80 



A D4-brane is coupled naturally to a 5-form potential while the solution given above 
contains a R-R 3-form potential. However, the latter is related to C5 by the duality 
relation dC^ = *dC^ (in the string frame). By using it we get: 



C5 



Rf 



Ae^^ {e^P - \) sin 9 df A d^^ A d^^ A dO A ^ 



R^^ 1 



- — f -e^P sin^ X df A d^^ A df A dp A { dtp + cos 

Rn 2 



^1 

Rl 8 



(4.11) 



e^Pe^^ sin(2x) df A d^^ A a A (di^ + cos 



The supergravity solution for the D4-branes wrapped on S"^ as given in 1)4. 9(1 is 
written in a way in which the role of the different coordinates and factors is not imme- 
diately clear. The first thing that we can do in order to clarify the role of the various 
terms appearing in the solution is to extract the warp factors for the longitudinal and 
transverse part of the metric in the string frame. They are given in terms of a function 
H that for a D4-brane is related to the dilaton through the following relation: 

6 



H 



-4$ 



M 

Ra) 



(4.12) 



Using the previous definition of H, one can immediately see that the dependence on 
H of the four longitudinal unwrapped directions of the metric is the one corresponding 
to four "flat" world-volume directions: H~^/'^r]ai3d^°'d^^ , as expected. We also expect 
three transverse directions {9 , if and a suitable combination of p and x) to be flat, 
apart from the usual warp factor ijV2 . This can be seen to be correct by using instead 
of the coordinates p and x the following new coordinates: 



^e^P cos X 



a 



2B: 



A (e^^ 



(4.13) 



5A1 1/2 



smx 



which have dimensions of a length. In terms of the new coordinates (|4.13|) . the solution 
for the metric, dilaton and R-R 5-form becomes: 



ds^ 



riapdi'^df + ZR^{d9'^ + sin' 



(4.14a) 



^1/2 



dr^ + {d9^ + sin^ 9d^^) + ^ (^da^ + (^d^- + cos 



^-1/4 



C5 = df A d^^ A df A 



1 



1 



—ZRq sin 9 d9 Ad(j) — —crda A [d^p + cos 



H ^ " Z 

where the functions H and Z are (implicitly) defined as: 



Hir,a) 



Rq 
Ra 



A-Hr,a)e~^P^''''''^ 



Z{r,a) 



-2p{r,a) I „2p(r,a) 



(4.14b) 

(4.14c) 

(4.15) 
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Insert 6. Wrapped branes and the Eguchi— Hanson geometry 



The supergravity solutions of branes wrapped on cycles described in the text can 
also be seen as realization of "warped" Eguchi-Hanson spaces. 
For example, starting from the wrapped D4-brane solution ()4.14|) . we can define a 
new coordinate z and a function Z as: 



1 + — ' 



Z 



^(1 + ^ 



-1/2 



in terms of which the metric (|4.14aj) becomes: 
dsl^ = H-^/^ [va^d^'^d^'^ + Z z^{dP + sin^ 

+ J ^^2 ^ ^2 (^^q2 j_ g.j^2 ^^^2^ 



(4.16) 



+ 



4 1 



dz^ + z^ 



dtp + cos 



The metric we have obtained on the four-dimensional space spanned by the coor- 
dinates {0, z, '0} is that of a "warped" Eguchi-Hanson space 1)3. 19(1 . This fact 
provides additional evidence of the geometrical structure of the background: the 
D4-branes are wrapped on the two-sphere, of radius Rq , inside the simplest ALE 
space (which corresponds to the blow-up of a C^/Z2 orbifold). 



The structure of the solution in the form 1)4. 14() is much clearer. First of all one can 
distinguish the trivial "flat" part of the solution from the nontrivial part coming from 
the internal directions of the four-dimensional Calabi-Yau space. In this sense, the 
coordinates r and a that we have introduced represent two radial directions, respectively 
in the "flat" transverse space and in the space A^2 transverse to the brane but nontrivially 
fibered on the two-cycle on which the brane is wrapped. Moreover, the function Z 
represents the "running volume" of the two-cycle, with the constant Rq being the radius 
of the S'^ when Z = 1 (see insert IHl on page 1821 for another interesting interpretation), 
while in the part of the metric containing a and ip we can easily see the twist which is 
required for having a supersymmetric gauge theory living on the brane. Finally, also the 
R-R potential has a quite standard part {H~^ times the volume form of the longitudinal 
space), plus an additional part due to the twist. 



The dual gauge theory 

We are now ready to show how the classical solution we have just found is capable of 
giving relevant information on the gauge theory living on the D-branes. In this specific 
example, we will be able to get the perturbative running coupling constant and metric 
on the moduli space of the three-dimensional gauge theory under consideration. We 
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will also use this section to illustrate in full detail some techniques we will use many 
times in all further examples. 

Recall how we extracted the (constant) gauge coupling of the gauge theory living on 
the world-volume of a Dp-brane in flat space in chapter[2 The fields of the supergravity 
solution were substituted into the world-volume action of a Dp-brane, and this could 
have a twofold interpretation: 

• a geometric interpretation, namely the one of moving a single D-brane along a flat 
direction, away from the remaining branes generating the geometry. The single 
D-brane acts then as a probe in the geometry (neglecting the back-reaction of the 
single brane on the background), as was shown in figure ESI The expansion of the 
world-volume action of the probe for small velocities then reads the metric on the 
moduli space of the gauge theory in the Coulomb phase U (A^-|- 1) — > U{N) xU{l). 

• a field-theoretic interpretation, namely the one of studying the open string dynam- 
ics on the stack of D-branes at low energies. The full non-abelian world-volume 
action is not known, but one uses the fact that it reduces to the Super Yang-Mills 
action in the field theory limit — > to promote the fields to non-abelian fields. 

The two interpretations were equivalent in the case considered in chapter El and they 
are still equivalent now, since we have three flat directions in which the wrapped D4- 
branes can move. For now, we will adopt the probe point of view, in order to comment 
on the moduli space metric. 

Let us therefore study the dynamics of a probe D4-brane wrapped on 5*^ in the 
geometry generated by the solution ()4.14p . As in chapter EJ we exploit diffeomorphism 
invariance to choose the "static gauge" , namely we align the world- volume coordinates 
^'^j . . . of the probe brane with the space-time coordinated given by the solution. 
The world-volume action for a single D4-brane in the string frame in the static gauge, 
in the case in which B is vanishing, is given by (|2.87|) : 



5d4 = -T4 / d^'^dOdcj) e-*W-det 



Gab + 27r/s^-Fai 



+ r4 / (a + 2^ls'C^ A F) , 

where a,b = {0, 1, 2, 0, </>} and as usual hats denote pull-backs onto the brane world- 
volume. 

Where are we able to move our probe? We expect that it is free to move only in the 
three-dimensional space outside the Calabi-Yau twofold, spanned by the coordinates 
r, 9, (j). In fact, let us compute the static potential between the probe and the stack of 
A'^ D4-branes, simply by substituting the solution 1)4. 14() into 1)4. 17() . The contribution 
of the Dirac-Born-Infeld part is given by: 

e-* ^_ det Gab = sin ^ [l + |^ J • (4.18) 

Adding to it the Wess-Zumino part, whose contribution is computed using the expres- 
sion (|4.14c|) of the R-R 5-form, we get the following expression for the static potential: 
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5p„t = -T4 / d^idOdct) sinO^ 



(4.19) 



We see that in general there is a force between the branes, and when this happens 
the configuration is not super symmetric. This is because, as we said, the brane is not 
allowed to move super symmetrically inside the Calabi-Yau space. We then have to 
allow the probe brane to move only in the "fiat" part of the transverse space, keeping 
it fixed at the locus o" = in the "internal" transverse space. This makes the potential 
(|4.19|) vanish, yielding a supersymmetric configuration. Therefore in the following we 
will always work at the "supersymmetric locus" a = 0. 

In order to study the dynamics of the probe brane, we will allow the transverse 
coordinates = {r, 6, cp} to depend on the "fiat" world-volume coordinates but 
not on the "wrapped" ones 9 and (p. Moreover, the gauge field Fap is defined to be 
non-vanishing only on the "fiat" part of the world-volume. Let us start from the Dirac- 
Born-Infeld part of the action in 1)4. 17(1 . By expanding the determinant, we find: 



2\2 



Sbbi ^ -nj d^^d9d4> e-*v/-det Go 

X |l + ^C'fG.jd^X'dpX^ + i^^^G^^G^^F^^F^^I . (4.20) 
Inserting the expressions H4.14a|) and ()4.14bll for the metric and dilaton we get: 



5dbi = -— f d^Cd9d4> sin^^^° 



2 J H 

X 1 1 + [{drf + r2 {{d9f + sin^ 9{d^f) ] + ^^^^HF^ | , (4.21) 

where we have included an additional factor of 1/2 due to the normalization of the 
generators of the gauge group. 

Before proceeding, let us notice a fact which will be of importance in the following. 
At a distance given by: 

re = -A = — , (4.22) 

the function Z vanishes, which means the probe becomes effectively tensionless! This 
fact implies that we have problems in thinking of the geometry as being generated 
by the subsequent stacking of the branes, as we did in chapter [JJ Could this be 
responsible for the singular nature of the solution? The vanishing of the probe tension 
is a signal of the fact that at that scale there are new light degrees of freedom entering 
into play, and that they are not accounted for by the supergravity approximation, which 
therefore cannot be trusted for r < r^. The singularity is then just to be interpreted as 
a limitation of supergravity, and we will ignore it and show that (perturbative) gauge 
theory information is present anyway. All this situation, that we will see reappearing 
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in many cases and will study a bit more in depth in a while, is known as enhangon 
mechanism |59| . 

As in chapter |2J we interpret the transverse scalars as Higgs fields for the gauge 
theory living on the brane: = 27rls'^^^. Then, defining the scale fi as r = 
and integrating over the volume of the two-sphere on which the brane is wrapped, we 
obtain the final expression for the Dirac-Born-Infeld part: 



2 J ^ H 

Turning now to the Wess-Zumino part, the pullback of C3 is given by: 

Cg = \r\ cos 6 sin da^ A dO A d4) . (4.24) 
8 

Then from (|4.17l) we get: 



d^idOd^ sine I + cosOe'^'^^dc^^Fp-y 



4vrr4 jd'il^^ + ^^^^ cos ee^^^'d^^Fp, } 



(4.25) 



Putting l|4.23j) and (|4.25|) together and substituting the expressions for t^, Ra and for 
the function Z, the probe action finally becomes: 



TV f 

+ — / cos Oe'^^^'daipFf^^ . (4.26) 



Notice that, unlike the case of D-branes in fiat space, the coefficient of F^ in the 
effective action is not constant, and this means that the gauge coupling constant is 
running. What is striking is that we can get precise quantitative information. In fact, 
we can read the perturbative running gauge coupling constant of the three-dimensional 
gauge theory as a function of the scale /u: 

(4.27) 



where we have defined the bare coupling as: 

2 _ 2Trgsls . 
9ym - ' v4-^oj 

Rq 

The resulting running is in perfect agreement with the gauge theory expectations, com- 
putable for instance from insert |2l on page 1481 We have then just given our first ex- 
ample of extraction of a relevant piece of quantum information on a supersymmetric 
scale-anomalous gauge theory from a classical supergravity solution. 
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Let us proceed and analyze the metric on the moduh space of the theory, which, 
as discussed before, is seen by the effective action of the probe. Our result (|4.26() does 
not give explicitly the full metric on the moduli space ofAA = 4,L' = 2 + l Super 
Yang-Mills theory yet. In fact such a metric must be hyperKahler |60j and in 1)4. 26(1 
we have only three moduli, and not four as it should be in a hyperKahler metric. We 
need an extra modulus that can be obtained by dualizing the vector field. In order to 
do that, we regard the original action in (|4.26|) as a function of and we add to it a 
term: 

- / S , (4.29) 

so that the equation of motion for the auxiliary field S enforces the Bianchi identity for 
F on shell. By partially integrating the additional term in (|4.29)) . we are left with the 
following action: 

5d4 = - / d^i I \ W? + {{def + sin^ e{d^f) ] + I 

+ ^ / f^'ecos^e"^^ Fp^ + ^j d^ie^l"^' Fp^ . (4.30) 
We can then eliminate F by means of its equation of motion that follows from (|4.3()j> : 



^/37 = 5'Ym(m)£' 



Q/37 



4tt 



cos 9da(p + SqS 



(4.31) 



and we arrive at an action that contains four moduli, given by: 



'S'd4 



+ 5ym(/^) 



iVcos6' 
4tt 



(4.32) 



The complete metric on the moduli space Ai of the gauge theory, in terms of the 4 
scalar s fi, 9, (j) and S is finally given by: 



ds 



M 



9ym(^) 



NcosO 



dip 



(4.33) 



where dO,'^ = dO^ + sin^ Odip"^ . The metric in ()4.33() is indeed hyperKahler since it 
has precisely the form of the Taub-NUT metric However, because of the form 

given in 1)4. 27(1 of the function 5ym(m) our metric has a "negative mass" and thus is 
singular. This is due to the fact that with our probe analysis we are only able to 
reproduce the perturbative behaviour of the gauge theory. As discussed in [SH], the 
complete metric should also include the instanton contribution, becoming a completely 
nonsingular generalization of the Atiyah-Hitchin metric. 
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4.2 An example with fractional D-branes 



The second example we will consider is a system of fractional D-branes on a C^/Z2 
orbifold, where the Z2 action reverses the last four coordinates of M}'^: 

r = 6,7,8,9. (4.34) 

We extensively studied this setup in section ESI where we discovered that a fractional 
Dj5-brane at the fixed point of a C^/Z2 orbifold supports on its world-volume a {p + 1)- 
dimensional gauge theory with 8 supercharges. 

Therefore, the gauge theory living on N fractional D2-branes on M^'^ x C^/Z2 is 
the same (2 -|- l)-dimensional M = 4 Super Yang-Mills theory that we considered in 
section UTTl where we engineered it by means of wrapped D4-branes. We will now study 
it from another perspective. After studying the fractional D2-branes, we will modify 
the setup by adding to the system D6-branes extendend along the orbifolded directions, 
and we will see that this allows the description of matter multiplets in the fundamental 
representation of the gauge group. 

Our starting point is then a configuration of type IIA string theory made of frac- 
tional D2-branes extended along X ^ X J X j55j . as shown schematically in the following 
table: 









1 


2 


3 


4 


5 


6 


7 


8 


9 


D2 























Finding the supergravity solution 

Let us now describe the derivation of the classical solution. The procedure is again 
described in some detail, so the reader interested in the dual gauge theory might skip 
to the next subsection, where only the final solution 1)4. 48() is needed. 

In order to describe the above system by means of a supergravity solution, we have 
to recall how the low-energy fields which appear in the effective action behave in the 
orbifold background. As we learned in chapter |31 our background is characterized by 
the presence of a 2-form uj2-, dual to the exceptional 2-cycle S of the ALE space which 
is obtained by the resolution of the orbifold, that satisfies the properties (|3.26j) . In the 
orbifold limit, the volume of S vanishes, but (as we have seen in (|3.23|) ) the background 
value of the integral of B2 on it has to remain finite in order to define a sensible 
CFT [SSI ESI: 




(4.35) 



The supergravity fields can have components along the vanishing cycle, so the following 
decompositions hold for the NS-NS two-form and the R-R three-form: 

B2 = B2 + buj2, ^3 = ^3 + ^1 A a;2. (4.36) 
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Since we will be looking for supergravity solutions which represent branes without a B2 
field in their world- volume, in the following we will put B2 = 0, so we simply have: 

B2 = buj2, C^ = C■i + Al^uJ2, (4.37) 
where, because of eq. (|4.35|) : 

6 = ^ + 6, (4.38) 

and b represents the fluctuation around the background value of h. The fields b and 
Ai in (|4.37jl are the supergravity counterparts of the twisted fields that we found in 
chapter El by studying the massless spectrum of closed strings on the orbifold. 

We then proceed looking for the classical solution. In this section we will always 
work in the Einstein frame for convenience. As we discussed in section 12.41 in order 
to find a D-brane solution we need to add to the type IIA effective action the world- 
volume action (|3.33|) of a fractional D2-brane as a boundary term, so that the full action 
is Sua + S\^2- 

The first step is the substitution of the form (|4.37j) of the fields into the type IIA 
supergravity action (|2.53j) . and we get: 

(e-^db^''Hb-e^l'^G2^'"'G2-1b^dC^^dA^\ , (4.39) 
4 Jri.5 V /J 

where we have introduced the quantity: 

G2 = dAi -CiAdb. (4.40) 

By varying the previous action one finds the equations of motion for the fields Ci , , 
A\ , b and ^ respectively: 

d ( e3*/2 MCi) - -e*/2d6 A ^«G2 A + 2K2|§i = , (4.41a) 
V / 2 061 

d ie^l'^ ^dCs) + -db A tf^i A + 2k2|£^ = , (4.41b) 

d ( e*/2 *6G2] +dbAdCs + AK^^ = 0, (4.41c) 
V / oAi 

d ( e-* *'db - e-^/^Ci A *'G2] + dC3 A d^i + 4^^^ = , (4.41d) 
V y ob 



d'd^ + ^e^'^/^dCi A *dGi + ^e'^^^dCs A UC^ 



1 

+ 4 



e-* db A + ie*/2 G2 A ^^Gs 



An^ + 2K'^^ = 0, (4.41e) 



6^ 

where we have defined ^4 = 6{x^) ■ • • 6{x^) dx^ A • • • A dx^ and Cb denotes the boundary 
lagrangian coming from S^2- Of course one also has the Einstein equations, that we 
will not write here for simplicity (see j55j for details). 
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The next step is finding an appropriate ansatz. For the "untwisted" fields we con- 
sider the fohowing standard D2-brane ansatz (compare with (|2.1U4() ^: 

ds"^ = H~^'^ T^^pdx'^dx^ + ^ {Sijdx'dx^ + 5rsdx^dx') , (4.42a) 

e* = H^^^ , (4.42b) 
= [H^^ - 1) A dx^ A dx"^ , (4.42c) 

where we have divided the coordinates in three groups: x"'^ = {x'',x^,x'^} denote 
the coordinates along the world- volume of the branes, x*'-' = |x'^,x^,x^} denote the 
unorbifolded transverse coordinates, while we recall that x*"'* = {x^, x'', x^, x^} are 
the coordinates along the orbifold. The function H2 depends on the radial coordinate 
p = [(x^)^ + . . . + (x^)^]^/^ of the space transverse to the D2-branes. All "untwisted" 
fields not appearing in 1)4. 42() are taken to vanish. 

In order to find a sensible ansatz for Ai we need to take a more careful look at the 
contributions coming from the boundary action describing the world-volume theory of 
the branes. Let us recall the world- volume action (|3.33|) . whose relevant terms in the 
Einstein frame read: 



Sm^-^l d'x e-*/V-detG„;3 [ 1 + 



27r2// 



M3 



(4.43) 



27r2//y 27r2/^ 

Since the above action does not depend on Ai, (|4.41c|) simply becomes: 

d fe*/2 ^^Ga) +d6 AffCg = 0. (4.44) 



Taking into account the expression H4.42c|) for C3 , we see that this equation is easily 
satisfied by imposing: 

e*/2 *6G2 = H^^db A dx° A dx^ A dx^ , (4.45) 

so that we obtain: ^ 

dAi = -Eijkdibdx^ A dx'' , (4.46) 

where eijk is such that £345 = e^'^^ = +1 . 

We are now ready to find the complete solution. Inserting the ansatze into the 
equations of motion (|4.41j) and computing all the relevant contributions coming from 
the boundary action after some algebra we get: 

{d'^didj + 6'''drds) H2 + l6'^d^bdjb6{x^) ■ ■ ■ 6{x^) + k'^T2N6{x^) ■ ■ ■ 6{x^) = , (4.47a) 



from (|4.41b|) . 



H^^d'^didjb - '^-^6{x^) • • • 6{x^) = , (4.47b) 
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from (|4.41d|) and: 



+ 'fj^S{x^)---8{x'^) = ^, (4.47c) 

from ()4.41ep . The above equations are satisfied by the following solution describing N 
fractional D2-branes transverse to a 'C? /'L2 orbifold: 

ds^ = H~^'^ rjo^pclx'^dx'^ + ^2^^ {6ijdx'dx^ + drsdx'dx') , (4.48a) 

e* = H^^^ , (4.48b) 

(73 = [H^^ - 1) A dx^ A dx^ , (4.48c) 

Ai = -igsTv'^h^N cos edip , (4.48d) 



where H2 is the solution of (|4.47a)) and we have introduced spherical coordinates (r, 9, ip) 
in the space {x^,x^,x^}. One can also show after some computation that with our 
ansatz the Einstein equations are also satisfied provided that (|4.47aj) holds. 

From the solution (|4.48|) we can also compute the expressions for the field which 
is more natural from a string theory perspective. Using the duality relation valid in the 
Einstein frame, dA^ = e*/^ *^G2 — db A €3, we find: 

A3 = b dx^ A dx^ A dx"^ . (4.49) 

A careful study of the solution (|4.48|) shows that there is a naked singularity for the 
value of r that makes H2 vanish. We will see in the next subsection that, similarly to 
what happened with the wrapped D4-branes in section [4.11 this singularity is excised 
by an enhangon mechanism, and gauge theory information can therefore be extracted 
from the supergravity configuration. 



The dual gauge theory 

We can now pass to the gauge theory. We will proceed as in the previous section, and 
show how it is possible to extract the perturbative gauge coupling constant and metric 
on moduli space of the = 4, three-dimensional gauge theory living on the branes by 
a probe analysis. 

We will then study the world-volume theory of a probe fractional D2-brane placed 
in the background (|4.48j) at some finite distance r in the transverse space {x^, x"^, x^}. 
As we noticed, in the probe approach we are supposed to recover information on the 
Coulomb branch U{N -|- 1) ^ U{N) x U{1) of the gauge theory. 

Let us start from the world-volume action for a single fractional D2-brane, which. 
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as we recall from chapter |31 in the Einstein frame is given by: 
Sh2 = -y / e-*/y- det [Go^f, + e~^l^2T:h^F^p\ \ l + 



+ ^ [ (C3 + 27rls^Ci A F) , (4.50) 



IM3 

where we have chosen the static gauge, hats denote pullbacks onto the brane world- 
volume and the fields C3 and Ci are given by: 

'^^ = '^^i^ + ^ ° -29.i.A' cos ed^ . (4.51b) 

The computation is analogous to the one performed in the previous section. We 
regard the coordinates transverse to the probe brane as Higgs fields of the 

dual gauge theory: = 27r/s^<l>*. We also define polar coordinates (/i, 6, (f) in the moduli 
space of the so that the resulting energy/radius relation is given by r = lirlg'^fi. 

Expanding the world- volume action for slowly varying world- volume fields and keep- 
ing only up to quadratic terms in their derivatives we easily see that position dependent 
terms cancel, as is should be since the system is BPS, and we are left with the following 
effective action: 



N f 

- — / d^xcosOe'^^^'daipFfs^ . (4.52) 



When 6 = 0, the effective tension of the probe vanishes and this means that also in this 
case an enhangon mechanism is taking place at the radius: 

re = 2gJsN . (4.53) 

Substituting in 1)4.52(1 the expression of b in terms of fi, we obtain: 



Sj^2 — — : — j d X 



^ 9sN 



l[idf,f+f,mdef+sinH{d^f)]+\F' 



N 
8^ 



j d^xcosOe'^^^'da^Fp^. (4.54) 



Prom the coefficient of the gauge field kinetic term in the previous action we can read 
the running coupling constant: 



1 =J-(i- 3W£\ 



(4.55) 
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where we have defined the bare couphng as: 

ffYM = • (4.56) 

The result (|4.55|) agrees with the one obtained from the solution describing wrapped 
D4-branes, and again is exactly what expected for the gauge theory under consideration, 
as one can verify from insert [21 

Precisely as in the case of the wrapped branes described in section (|4.54j) does 
not give explicitly the full hyperKahler metric on the moduli space of the gauge theory. 
We can obtain the needed extra modulus by dualising the vector field into a scalar, using 
exactly the same procedure which brought us from H4.26() to. 1)4. in section ETTl ^ The 
resulting moduli space metric is of course identical to the one found in 1)4. 33(1 by probing 
the geometry of N D4-branes wrapped on S"^. Again, we obtain the hyperKahler Taub- 
NUT metric, but with a "negative mass" which makes it singular, which means we are 
only able to recover the perturbative behavior of the gauge theory. 



Adding D6-hranes 

Now we introduce another ingredient, that allows us to add matter multiplets to the 
gauge theory. In fact, if we consider adding M D6-branes extended along the world- 
volume of the D2-branes, as well as wrapping the whole orbifold space, the strings 
stretching between the D2 and D7-branes make up M matter multiplets in the funda- 
mental representation of the U (N) gauge group of the theory living on the D2-branes. 

We will therefore expand the analysis above by studying the following configuration 
of D-branes on €7^2 ESj: 
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D2 






















D6 























Again, the first step is finding the supergravity solution, which has to be a general- 
ization of (|4.48|) . The ansatze for metric and dilaton that we will use are the standard 
ones for a configuration of intersecting branes so for the case of a D2/D6 brane 
system in the Einstein frame we have: 

ds^ = H~^'^H~^'^r]o,pdx''dx'^ + Hl'^Hl'^5ijdx'dx^ + hI'^ H~^'^ Srsdx"^ dx' , (4.57a) 
e'=Hl'^H-^l\ (4.57b) 

while retains its form (|4.42cj) . 

^In this case, the duahsation procedure can also be done directly in the original three-dimensional 
world- volume action, as in |^|^, and one gets the same result. 



92 



However, there are additional fields turned on, since a D6-brane is magnetically 
charged under Ci, and we also have additional source terms coming from the world- 
volume action of the D6-branes. The relevant terms in such an action can be showed 
(for instance with the boundary state approach 64 ) to be given by: 

Sd6^ts|- j d'x e}»V-detOp, + j^^ Ct^ 

where the indices a, f3, . . . run along the common world-volume 7W3 and p,a, . . . along 
the whole D6-brane world- volume Mr, and dots denote higher order terms that are 
irrelevant as source terms in the equations of motion. 

Since the full boundary action does not depend on the fields Ci and Ai, (|4.41a|) 
and (|4.41cj) read: 

d (e^*/^ ^^(^^^ _ ie*/2^5 A *«G2 A (^4 = , (4.59a) 
d (e*/2 *6Q^^ + dbAdC3 = 0. (4.59b) 
One solves the above equations by again imposing (|4.45j) and: 

g3$/2 *dCi = -d {H^^) A dx^ Adx^ Adx^ A--- A dx^ . (4.60) 
One therefore arrives to the following expressions for Ai and Ci : 

dAi = CiAdb + ^EijkHfidibdx^ A dx^ , (4.61a) 
dCi = ^EijkdiHedx^ A dx^ . (4.61b) 

Inserting the ansatze (|4.57|) - (|4.6H) into the equations of motion (|4.41|) . after manip- 
ulations that are slightly more complicated than in the case with only D2-branes, one 
finally finds the following solution corresponding to our fractional D2/D6 system: 

ds'^ = H'^^^H^^'^rio.pdx'^dxl^ + hI'^ hI'^ 5ijdx'dx^ + hI'^ H^^'^ drsdx'' dx' , (4.62a) 
e' = Hl"H-^'\ (4.62b) 
C3 = [H:^^ - 1) dx^ A dx^ A dx^ , (4.62c) 

Ci = ^^cosed^, (4.62d) 

A\ = — vr Is — cosOdif, (4.62e) 

He 

b=^, (4.62f) 



where: 



9slsM [2711 sf { gslsi2N-M)\ 
^6(0 = 1 + ^^, Z{r) = ^^il-^i^^^^ '-], (4.63) 
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and where H2 is now the solution of: 



+ Hf^5''drds) H2 + -Hq6'^ dibdjb6{x^) ■ ■ ■ 6{x^) + k\2N5{x^) ■ ■ ■ d{x^) = , 

(4.64) 

From the solution given in eq. (|4.62|) we can also compute the expressions for the 
field C7 which appear naturally in the string theory. Given that dCy = — e^*/^*(iCi we 
get the standard expression: 

= {Hq^ - 1) dx^ A dx^ A dx^ A dx^ A • • • A dx'^ . (4.65) 

The moduli space of the gauge theory can be explored by means of a probe fractional 
D2-brane as before. One notices that the effective tension of the probe vanishes when 
Z = 0, which means that the enhangon radius is now = gshC^N — M). The resulting 
effective action (|4.54|) gets modified as follows: 



'S'probc , I d X 

45. 



^ gs{2N-M) 



X !^\[{df,f + f.md9f + sm'9{d^f)]+\F'^ (4.66) 

- — / d^x(2N - M) cos ee'^'^^da^Fg^ . 
16tt J 

Prom the coefficient of we can again read the effective running coupling: 

^ 2N-M\ , , 

l-ffYM (4.67) 



which perfectly agrees with gauge theory expectations, as one can verify from insert |21 
on pageHHl 

In order to extract the metric on the moduli space, we have to dualize again the 
vector into a scalar S, by repeating the procedure used in the previous subsection. The 
final result is: 

dsl, = {df^' + f^'dn') + g'Yuip) (d^ + ^^^^^^^^d^^ , (4.68) 

where we recah that dCl^ = dO^ + sin 9d(p . In this case, we see that we have to 
distinguish two cases. If M < 2N, the situation is similar to the case M = studied 
beforehand, namely we obtain a singular Taub-Nut metric, which is a signal that non- 
perturbative contribution should be taken into account in order to smooth out the 
moduli space metric. In the case M > 2N, instead, the metric is regular, and this is 
expected from the gauge theory side: with this amount of matter, the full metric on 
the moduli space coincides with the perturbative one. Notice also that in this case no 
enhangon mechanism takes place. 

This ends our analysis of the first simple examples of scale-anomalous and less 
supersymmetric gauge/gravity correspondence. In the next section, we will try to make 
the point about what we have learned from these examples. 
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4.3 Summary of the gauge/gravity dictionary 



The explicit examples studied in the two previous sections gave us a flavor about how the 
gauge/gravity correspondence works when the gauge theory involved is scale-anomalous 
and preserves less than 16 supersymmetries. This section is devoted to a little more 
general analysis of the gauge/gravity dictionary, as well as to some comments and 
discussions on the approaches we have encountered. 

Gauge theory from gravity 

Let us start from some general formulae. We have seen that the first relevant piece 
of information we can recover is the one-loop running coupling constant of the gauge 
theory living on a particular configuration of D-branes. 

In particular, the examples studied in sections 14.11 and 14.21 as well as the more 
general considerations of chapter |21 showed that one efficient way to engineer a {p + 1)- 
dimensional gauge theory with 8 supercharges is to consider D(p + 2)-branes wrapped 
on two-cycles. This is of course the essence of the wrapped brane setup, and is also 
correct for the fractional Dp-branes, which have the interpretation of D(p + 2)-branes 
wrapped on a vanishing two-cycle. In order to get a general formula for the coupling 
constant, then, we can start from the Dirac-Born-Infeld part of the world-volume action 
of a D(p + 2)-brane, and consider what happens when we consider two longitudinal 
directions to be wrapped on a non-trivial two-cycle. This is of course closely related to 
the derivation of the world- volume action of fractional branes in chapter |21 

We then recall one more time the expression Dirac-Born-Infeld action for a D(p+2)- 
brane in the string frame: 

Sdbi = -rp+2 J d^+'e e-*^- det (Cab + Bab + ^irh'^Fab) ■ (4.69) 

Now, divide the coordinates in two groups: 

• a = 0, . . . ,p are the coordinates along the {p + l)-dimensional "flat" part of 
the world- volume. The only non- vanishing components of the world- volume gauge 
field F are along these directions, while we assume that the metric elements are 
diagonal, G^p = H~^/'^6o,p (where for now we just define to be a function 
independent of x"), and B^p = 0. 

• A = p+l,p + 2 parameterize the two-cycle on which the branes are wrapped. 
Along these coordinates, there may be a non-trivial metric Gab and B-Held Bab- 

With these assumptions, we can expand the determinant in 1)4. 69() and extract the 
quadratic part in the gauge field-strength: 
(27^/,2^2 



rp+2 I (i^'+^'e e-^v'-detG^^ G°^G^^F„^F^5 y^det {Gab + Bab) 

11/* 3 1 

— 7;^yT2 / rf^+'e e-'^H^^det {Gab + Bab) -.F^pF^p , 

(4.70) 
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where we have inserted an additional factor of ^ due to the standard normahzation of 
the generators of the non-abelian gauge group, and where = 2{2TT)P^'^gsls^~^ is the 
coupling constant ()2.126() of the gauge theory hving on a Dp-brane in flat space. We 
can aheady point out the important fact that the gauge coupling constant, namely the 
coefficient of —\Faf3Faf3, depends essentially on the "stringy volume" of the two-cycle 
5^, namely on f (f^ y/det{GAB + Bab)- 



9ym alp (2^/.)2 



J dPi c-^h'-^ Vdet {Gab + Bab) , (4.71) 



where now the integral runs over the directions of the two-cycle. With no additional 
assumptions on p and on the dependence of the dilaton on the warp factor, it is difficult 
to additionally simplify (|4.71|) . This cannot easily be done in general, since the dilaton 
dependence on H is different in the case of a "real" wrapped D(p -|- 2)-brane with 
respect to the case of a fractional Dp-brane. We are thus forced to consider the two 
cases separately: 

e* = , Gab = H'^/^gAB , Bab = (wrapped D(p + 2)-branes) (4.72a) 

e* = , Gab = , Bab + (fractional Dp-branes) (4.72b) 



Therefore one sees that in both cases all warp factors cancel, and the coupling constant 
of the (p -|- l)-dimensional gauge theory is finally given by: 

/ \J det gAB (wrapped D(p -|- 2)-branes) 



2 _^(^- (4.73) 

5ym y -p- (^2nis)^ ^ \/ det Bab (fractional Dp-branes) 

One can easily verify that the above formulae indeed reproduce the results we obtained 
in sections 14.11 and 14.21 for wrapped D4-branes and fractional D2-branes respectively. 
An important observation is that we derived ()4.73|) for configurations made of a single 
type of branes. This means that when dealing with systems of branes of different 
dimensions, such as the fractional D2/D6 system we studied in section one cannot 
directly use 1)4. 73() . but should rather use ()4.71|) as a starting point. As an additional 
check, notice that if gAB and Bab in (|4.73j) are trivial, so that the configuration is 
simply made of D(p -|- 2)-branes in flat space, one correctly gets ^fyM ~ 5d(p+2)- 

The coupling constant is not the only piece of information one can extract from 
supergravity. For example, in the previous sections of this chapter we used two super- 
gravity solutions to get information on the moduli space of three-dimensional AA = 4 
Super Yang-Mills, and the Wess-Zumino part of the world-colume action entered the 
analysis crucially. Now, we would like to concentrate for a while on the case of D-brane 
configurations yielding four-dimensional gauge theories, since this will be the topic of 
the remaining part of this chapter and of chapter [SI We first notice that in this case, 
where p = 3, 1)4. 71() simplifies 0: 



1 1 1 



9ym '^^9s (27r/^)2 



J d^i e-*Vdet {Gab + Bab). (4.74) 
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The additional piece of information we can extract on a four-dimensional gauge the- 
ory is the theta-angle ^ym, namely the coefficient of the topological term ^^F^/^i* F)aj3 
in the action. This term comes from the Wess-Zumino part of the world-volume action 
of a wrapped D5-brane: 



5wz=r5 / j;C,Ae™^^^, (4.75) 
q 

from whose expansion we can derive: 

Oym = -^—2 [ (C2 + Co B2) . (4.76) 

The relations (|4.74)) and (|4.76)) will be rather useful in the following. 

Let us now pause for a very important observation. All the relations we have derived 
in this section up to now have the property of giving a gauge theory quantity in terms 
of functions of supergravity coordinates. But this is not the end of the story because in 
general the gauge coupling constant 1)4. 71() will be given by an appropriate function of 
a coordinate r of the geometry: 

= Fir) , (4.77) 

9ym 

as we can see also from the examples in sections |4.1l and l4.2l This means that in order to 
establish the gauge/gravity dictionary we have to link the coordinate r with quantities 
of the dual gauge theory. This is the subject of the next subsection. 

The energy/radius relation 

As just discussed, we then need an expression relating the relevant coordinate r ap- 
pearing in ()4.77() to gauge theory parameters: 

r = G{fi) , (4.78) 

where is the scale at which the gauge theory is defined. We will call (|4.78l) en- 
ergy/radius or gauge/gravity relation. Once we have at our disposal explicit expres- 
sions for 1)4. 77() and ()4.78() . we can obtain pure gauge theory quantities in terms of the 
appropriate parameters. 

In the case of D-branes in flat space, where the involved gauge theories have no 
scale anomaly (namely are conformal in the case in which the world-volume is four- 
dimensional), things are easy. We can simply use the relation derived in chapter |2l 
between the transverse coordinates and the expectation values of the scalar fields of the 
vector multiplet: 

x' = 2ttIs^ , (4.79) 

to derive a natural energy/radius relation between the radial coordinate r = (x*x*)^''^ 
in the transverse space and the energy scale = ($*<I>*)^/2 of the gauge theory: 

r = 27r/^V- (4.80) 
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In fact, we already used H4.80() in all cases treated in this chapter. We can call this rela- 
tion "stretched string" energy/radius relation, since it has the equivalent interpretation 
that the energy scale is given by the energy of a string (read from the Nambu-Goto 
action) which is stretched between a stack of D-branes and a probe D-brane at distance 
r from the stack, as in figure [231 



However, even if we successfully used 1)4. 80() also in cases in which we dealt with 
scale-anomalous theories, in principle things are not unambiguous in such cases j65j . 
and r and fi could be related differently. What we can say is that, as long as a brane 
can move supersymmetrically in a part of the transverse space (and we can therefore 
rely on the probe approach, as described in chapter [2}, the identification of the radius 
of such space with the scale fj, gives accurate one-loop gauge theory results. This is 
precisely the case we have dealt with up to now. 

However, in the following we will deal with cases in which there is no space for freely 
moving a D-brane off the stack generating the geometry, and the probe mechanism fails. 
In these cases, one should follow a different strategy. The general idea is that one must 
identify a combination or function of supergravity coordinates which on general grounds 
is dual to a specific protected quantity of the dual gauge theory. This can therefore fix 
the energy/radius relation, and we will see the precise way this works in some specific 
examples treated in the next chapter. Of course, the relation 1)4. 80(1 can also be seen 
as a particular result of this strategy, where the gauge theory operators are the scalar 
fields of the vector multiplet of the gauge theory, which have protected dimension one. 



We have seen in some examples that the procedures we introduced work, in the sense 
that the gauge theory information that we recover from them is relevant and correct. 
But why does all this work? This apparently naive question opens the way to a quite 
wide range of different issues and considerations, and, at least to our knowledge, a 
complete and satisfactory answer is not known yet. 

The main point is that, unlike the case of the original AdS/CFT correspondence 
involving a superconformal gauge theory, that we briefly treated in section 12.61 it is 
quite difficult to define unambiguously an appropriate limit in which the gauge theory 
dynamics completely decouples from the dynamics in the bulk, so that an exact duality 
can be established. 

In fact, the minimal point of view on this problem is that an exact duality, at least 
at the supergravity level, cannot be established. In this subsection, we will try to 
discuss a bit this and some related issues, such as the enhangon mechanism |59j already 
mentioned in sections 14. II and 14.21 

Let us then start by considering the enhangon more carefully. The easiest setup in 
order to study it is the one considered in section W?^ describing fractional D2-branes 




(4.81) 



Origins of the correspondence and the enhangon mechanism 
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on a 'C? /'L2 orbifold. We have seen the enhangon appearing as the point where the 
effective tension of a probe fractional D2-brane vanishes, because the fluctuations of 
the twisted field h cancel its background value. On the other hand, in the case of the 
wrapped D4-branes of section 14.11 the enhangon locus is the point where the effective 
volume of the two-cycle the branes are wrapped on goes to zero, so that, also in this 
case, the effective tension of a probe wrapped D4-brane vanishes. Recalling then the 
general expression (|4.7fl|) . we can say that the enhangon mechanism takes place, for both 
fractional and wrapped branes, where the "stringy volume" of the relevant two-cycle 
vanishes due to the fluctuations of the supergravity fields: 



It is not difficult to see that the above result implies that the effective tension of any 
fractional or wrapped Dp-brane probe (and not only the tension of a probe of the same 
dimension of the branes generating the geometry) vanishes at the enhangon radius: 



What does all this mean? Let us first try to look at this from a geometrical perspective, 
and subsequently we will think of the consequences on the gauge theory side. Roughly 
speaking, the meaning of the above result is that our supergravity solutions for fractional 
and wrapped branes have something wrong, as in fact one could expect from the fact 
that they present a naked singularity surrounded by a repulson region in which gravity 
becomes repulsive. 

In fact, we could think of our supergravity solution to be formed as a step-by-step 
procedure, by bringing the branes one after the other from infinity to the origin, since 
they are BPS objects which do not feel any mutual force. But at the enhangon radius, 
before reaching the origin, all of them become tensionless. We can think of the branes 
as making up a spherical "shell" around the region of the repulson geometry, so that the 
singularity is cloaked and the classical solution makes sense only up to the enhangon 
radius, the last point where, so to say, the branes can be thought of as localized sources. 

However, when the supergravity description fails, it usually means that we are miss- 
ing some new light degrees of freedom in our analysis, and this is precisely what is hap- 
pening here. For definiteness, consider our fractional D2-branes of section Looking 
at the solution (|4.48|) . it is clear that they can be seen as U{1) monopoles for the R-R 
twisted field Ai. At the enhangon radius, such monopoles become massless, but in ad- 
dition, as we have seen, all probes have a vanishing effective tension. In particular, we 
can consider the two types of fractional DO-branes, which are electrically charged under 
Ai. They have precisely the right quantum numbers to behave as T^-bosons of the 
gauge symmetry we are considering and, when they become massless at the enhangon 
radius, there is an enhancement of the symmetry from U{1) to SU{2). These fractional 
DO-branes are then the new light degrees of freedom appearing at the enhangon that 
we were looking for. This also explains the reason of the name that was given to this 
mechanism, due to the enhanced gauge symmetry which is realized. 




at r = Te . 



(4.82) 




(4.83) 
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The upshot is that the geometry in the interior of the enhangon locus should be 
described by an SU (2) monopole, and in fact this fits nicely with the comment about 
the desingularization of the moduli space metric via the Atiyah-Hitchin manifold that 
we made in sections 14.11 and 14.21 There, we also observed that this desingularization is 
a consequence of non-perturbative phenomena in the dual gauge theory. 

In fact, the meaning of the enhangon on the gauge theory side is straighforward once 
we recall our general result (|4.7H) for the running coupling constant. The enhangon ra- 
dius is precisely the point where the gauge coupling diverges or, in other words, where 
the non-perturbative contributions become relevant, spoiling the perturbative result. 
This fact explains why our supergravity solutions were only able to give us informa- 
tion on the perturbative regime of the considered gauge theories: the non-perturbative 
physics is "hidden" inside the enhangon. A full understanding of gauge theory dynam- 
ics at the non-perturbative level would at least require the inclusion of the new light 
degrees of freedom in the analysis, and this have not been completely analyzed at the 
moment of writing. An attempt based on the duality with the heterotic string was 
made in [66j . 

Some more light on the meaning of the enhangon mechanism comes from the dual 
scenario of stretched branes we described in section EH so let us see in some detail how 
the features we discovered are translated in this context. We continue working with 
our three-dimensional gauge theory. Recall from section rT31 that both the systems we 
studied, fractional D2-branes on C^/Z2 and D4-branes wrapped on a two-cycle inside 
a Calabi~Yau twofold, are mapped by T-duality into the same configuration of type 
IIB string theory, in which a D3 brane of finite length is stretched between two parallel 
NS5-branes, as in the following table: 








1 


2 


3 


4 


5 


6 


7 


8 


9 


NS5 






















D3 























where we recall that | — | denotes the finite extension of a brane along a longitudinal di- 
mension. This system of branes preserves eight supercharges, and the three-dimensional 
gauge theory we have been studying lives on the intersection of the D3 and NS5-branes. 
Notice also that the twisted fields of the string in the orbifold are mapped to world- 
volume fields of the NS5-branes, and this is a natural way to see that their dynamics is 
six-dimensional . 

The length L of the stretched D3-branes along is the T-dual of the "stringy 
volume" of the two-cycle which is present in the fractional and wrapped brane setups. 
Quantum mechanically, we know that the stringy volume runs as a function of the 
radius of a three-dimensional space, and this has the gauge theory interpretation of the 
running of the coupling constant. Here, we then see that quantum mechanically the 
D3-branes exert a force on the NS5-branes and tend to bend them, while L becomes 
a function of r = [(a:'^)^ -|- (x'^)^ -|- (x^)'^]^^'^. The enhangon radius is the locus where 
L(re) vanishes and the two NS5-branes touch, as shown in figure In this setup, 
it is therefore very easy to understand qualitatively what are the new light degrees of 



100 



NSS 



NS5 



03 



Figure 4.2: The enhangon mechanism for three-dimensional Super Yang-Mills theory in the 
T-dual scenario of branes suspended between branes. Quantum mechanically, the distance L 
between the two NS5-branes becomes a function of r = [(a;^)^ + (a;^)^ + (a;^)^]^/^. At the 
enhangon radius, L{re) = and new light degrees of freedom come into play because the NS5- 
branes touch. 



freedom coming into play: they are world-volume fields of the NS5-branes that become 
massless when the branes touch. These states come from Dl-branes, and one can see 
that when the NS5-branes touch the gauge symmetry of the theory is in fact enhanced 
from C7(l) to SU{2). 

Notice that the enhangon mechanism we just described is not at all limited to the 
case of a three-dimensional gauge theory as the one we just considered, but has gen- 
eral validity. For instance, in the next section we will see that it takes place also for 
four-dimensional theories arising on fractional D3-branes and wrapped D5-branes, in 
which case the enhangon locus is a ring instead of being a two-sphere. Also in this 
case, the new relevant light degrees of freedom are the ones which have electric charge 
under the bulk field with respect to which the branes generating the solution are mag- 
netically charged, and are respectively fractional D-instantons and wrapped Dl-branes. 
Now, however, the quantum numbers of the states do not allow the interpretation of 
having an enhanced gauge symmetry, but rather we have a two-form potential carried 
by tensionless strings. This is in agreement with the fact that the dual scenario of 
D4-branes suspended between NS5-branes now involves NS5-brancs of type IIA string 
theory, whose world-volume theory has a self-dual two-form as fundamental field. 

To summarize, then, we can say that the enhangon locus for a fractional Dp-brane 
(or a wrapped D(p-|-2)-brane) is S'^^p, and that for even p the theory in the interior has 
an enhanced SU{2) gauge symmetry, while for odd p there is the Ai two-form gauge 
theory of tensionless strings. In any case, one should consider these more "exotic" 
theories, beyond the usual supergravity, in order to study the non-perturbative regime 
of the dual gauge theories. We can also rephrase this by saying that the enhangon 
prevents us to take a proper decoupling limit, as we were instead able to do in the case 
of A/" = 4 Super Yang-Mills. This explains why an exact duality at the supergravity 
level is out of reach in the present context of less supersymmetric and scale-anomalous 
gauge theories. 
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Before passing to our first example dealing with a four-dimensional non-conformal 
gauge theory, let us make another observation on the interpretation of our ability of 
extracting information on gauge theory from classical supergravity fields. As we men- 
tioned several times, this fact can be thought of as a consequence of open/closed string 
duality. This is however rather surprising, since such a duality is known to mix string 
states of different mass levels, while we are only considering massless states in both the 
open and closed string channels. 

However, it has been shown via a careful string theory computation that, at least 
for a class of fractional D-branes on orbifolds, the divergences of the massless open 
string channel, which are related to the gauge theory quantities we are used to consider 
such as the running of the gauge coupling constant, are precisely captured by only the 
massless states in the closed string channel, and therefore by supergravity [67j . This 
fact gives a firm string theory basis to the analysis we have been performing throughout 
this report. 

4.4 J\f = 2, d = A Super Yang— Mills from D-branes 

In this section we pass to the study of another gauge theory with eight preserved super- 
charges, N = 2 Super Yang-Mills theory in four space-time dimensions. Similarly to 
what we did in sections |4.1l and l4.2| we will engineer it via two different configurations of 
D-branes. A stack of N D5-branes wrapped on a two-cycle inside a Calabi-Yau twofold 
will give us information on the pure U{N) theory, while a system of fractional D3/D7 
branes on a C^/Z2 orbifold will allow us to couple the theory to matter hypermultiplets 
in the fundamental representation of the gauge group. 

We will recover from both the setups correct results for the perturbative running cou- 
pling constant and chiral anomaly, while we will be unable to enter the non-perturbative 
regime described by the exact solution by Seiberg and Witten jHH], since also in this 
case an enhangon mechanism takes place preventing us to analyze the gauge theory at 
strong coupling. 

Wrapped D5-hranes 

Our first example of brane configuration able to give information on a four-dimensional 
gauge theory is made of N D5-branes wrapped on a supersymmetric two-cycle inside a 
Calabi-Yau twofold 
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This system is T-dual to the system of D4-branes we considered in section 14. ![ 
and in fact the supergravity solution can be found in much the same way. Since the 
Calabi-Yau twofold preserves 16 of the 32 supercharges of fiat space, we expect that 
the theory living on the D5-branes will preserve, similarly to the T-dual D4-branes, 
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8 supercharges, or = 2 in the language appropriate to the theory living on the 
four-dimensional "flat" part of the world- volume. In fact, we already confirmed these 
expectations in section by means of a group theory analysis of the topological twist. 

The procedure for finding the supergravity solution is exactly the one outlined in 
section im and summarized in figure ETTl One starts by imposing a suitable domain wall 
ansatz in seven-dimensional gauged supergravity, where a U{1) gauge field is chosen to 
fulfill the requirements of the topological twist. The seven-dimensional solution is then 
uplifted to the ten-dimensional string frame by means of the formulae in [HZj . We will 
not present the details of the construction here, for which we refer to I7() | ITT]. The 
final ten-dimensional solution in the string frame is given by: 



zidO^ + sin^ 
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1 — sin 



2/,1 + ce 



-|- COS 



e 2 



(4.84) 



-2z 



2z 



sm 



'1 



gsNl/cl)2 d 

where c is an integration constant and: 

0, = e"" cos^ 



-|- cos 



+ e sin^ ( 



(4.85) 



The above solution can again be showed to be singular, and one can see via a probe 
computation perfectly analogous to the one performed in section ETTl that the singularity 
is again cloaked by an enhangon mechanism. In this situation, however, the enhangon 
locus has the shape of a ring instead of a two-sphere. 

In order to clarify the role of the different coordinates and functions in (|4.84j) . we 
proceed as in section IXD and introduce a change of coordinates analogous to (|4.13jl [7T] : 



r = sm 0e , a = \J z cos . 
In the new coordinate system the metric of the solution reads: 

ds^ = B-^l"^ 'q^pdx'^dxl^ + QsNls^z [dO"^ + sin^ o^l^ 



1 + cos 



(4.86) 



(4.87) 



where we have defined H 



-2<l> 



and z is now meant as an implict function of r and 
cr. Now it is easy to identify the transverse plane {r,(j)2) where the branes can move 
supersymmetrically, while a can be interpreted as a radial coordinate in the non-trivially 
fibered transverse two-dimensional space inside the Calabi-Yau twofold. 

We can now use the solution (|4.87|) to extract gauge theory information on pure 
N = 2 U{N) Super Yang-Mills theory. The relevant formulae are the ones given in 
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section 14.31 As in section 14.11 the geometrical features of the configuration force us 
to work at the "supersymmetric locus" a = 0, where the static potential between a 
D5-brane probe and the stack of branes generating the classical solution vanishes. The 
gauge coupling constant and theta-angle are given by (|4.74|) and ()4.76|) : 

1 1 1 /■ ,^,T f^—z — N 



r AT J. 

/ dOdct) e"* Vdet Gab = ^ In — , (4. 
Jg2 4tt^ ro 



9ym ^^^s (2vr/s)2 Js^ 

Oym = -^—^ [ C2 = -2iV02 . (4. 

where tq is a regulator and the integrals are made along the two-cycle on which the 
branes are wrapped, parameterized by {9,<j)). 

The next crucial point is the implementation of the correct energy/radius relation. 
Since we have a part of transverse space in which the branes can move freely, we can 
implement the "stretched string" relation, which in this case implies: 

r = 27r/^2 ^ ^ ^ 27r/^2 ^ ^ (4 89) 

where is the subtraction energy at which the theory is defined and A is the dynamically 
generated scale. The coupling constant of the gauge theory is then given by: 



_ 1 N 
9 

and the /3-function reads: 



N n 

P{9ym) = —^9ym, (4-91) 

which is the correct perturbative result for M = 2 Super Yang-Mills, whose /^-function, 
apart from instanton corrections, is exact at one- loop. 

Let us now pass to the chiral anomaly. The gauge theory has an anomalous f/(l)_R 
R-symmetry group. From (|4.88b|) . it is natural to identify this symmetry with shifts 
in the angular coordinate 4>2- However, ()4.88b|) also tells us that a generic shift in 02, 
though being an isometry of the metric, is not a symmetry of the full solution (|4.84j) . 
since C2 is not invariant. 

Now, we know that an R-symmetry transformation of parameter e in this N = 2 
theory changes the theta-angle as: 

^YM ^ ^YM - 4iVe , (4.92) 

which corresponds to a shift of 02 of the form: 

02 ^ 02 + 2e , (4.93) 

and the latter transformation, as we noticed, is not generically a symmetry of the 
solution. Are there nevertheless some values of e for which the solution is invariant? 
We have to recall that the flux of C2 through the cycle is not arbitrarily defined, but is 
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instead a periodic variable of period (27r/s)^S's- This means that transformations of the 
kind: 

02 + ^ , (4.94) 



V2 

with k integer, modify the expression 



C, = -^ (4.95) 



{2'KlsYgs Js2 IT 

for an irrelevant integer number, thus being symmetries of the supergravity configura- 
tion. This means that the U{1) group of the shifts in (/>2, which we identified with the 
U{1)r symmetry of the gauge theory, is broken down to Z4jv- This anomalous breaking 
is the correct result for the gauge theory, and we therefore see another example of gauge 
theory information which is very naturally encoded in a classical solution. 

Now, recalling some of our considerations from section l231 we can think of extracting 
another piece of information about our four-dimensional M = 2 theory, namely the 
action of an instanton configuration. We learnt that, because of the expansion of the 
Wess-Zumino part of the world- volume action (from which in fact we just derived the 
theta-term of the gauge theory action), a D(p — 4)-brane plays the role of an instanton 
configuration for the theory on a Dp-brane. Since our geometry is generated by D5- 
branes wrapped on a two-cycle, it is natural to expect that an instanton configuration 
will be given by a (euclidean) Dl-brane wrapping the same two-cycle. 

This expectation is immediate to verify. The action of a euclidean Dl-brane wrapped 
on in the background (|4.84j) is given by: 



Sm = Ti [ dOd^ e-*VdetGAB + ri f C2 



(4.96) 



which recalling the expressions computed in ()4.88|1 . becomes: 



Stt^ 

Sdi = - ^^YM , (4.97) 

^YM 

which is the correct result for the action of an instanton. A fc-instanton configuration 
corresponds to considering k of the above Dl-branes, and the resulting action is simply 
k times (|4.97|) due to the BPS nature of the branes. This agrees with what is expected 
from field theory. 



Fractional D3/D7-branes 

Let us now present the last example of this chapter, which is again a system of fractional 
branes on the simple C^/Z2 orbifold. The gauge theory we want to describe is, as in 
the previous subsection, N = 2 Super Yang-Mills in four space-time dimensions, so we 
must consider D3-branes. In order to have a U{N) gauge theory, and to also introduce 
M hypermultiplets in the fundamental representation of the gauge group, we add M 
D7-branes extended along the orbifold, analogously to what we did in section with 
D2 and D6-branes. The configuration we are going to study is then the following one: 
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The supergravity solution has been found in [HZllEl]) and additional aspects of the 
construction were outlined in (JS EHl HH IZSj • The procedure one follows in order to 
find the solution is exactly the one we explained in section 14.21 One splits the ten- 
dimensional type IIB supergravity action in two parts, one involving the "untwisted" 
fields and one (six-dimensional) involving the "twisted" fields that one obtains by de- 
composing the type IIB fields along the non-trivial anti-self-dual two-form 002 defined 
in (TOni : 

B2 = bL02, C2 = ^0 W2 . (4.98) 

By imposing a usual D3/D7 ansatz and solving the type IIB equations of motion, 
one finally arrives to the following supergravity configuration: 



ds^ = H~^''^7]^pdx''dxf^ + Hl^^{5,jdx'dx^ + e-^drsdx'^dx' 
F5 = dH^^dx^ A • • • A dx^ +''{dH^^dx° A • • • A dx^) , 



T = Co + ie 
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■In — 

2tt zq 



2N -M ^ r 

1 H In — 

vr ro 



An + Cob 



-2TTgsls^{2N -M) e, 



(4.99a) 
(4.99b) 

(4.99c) 

(4.99d) 
(4.99e) 



where 2; = + ix^ = re*^ spans the two-dimensional "flat" transverse space and H3 is 
an appropriate function of (x^, . . . , x^). As we are now used to find, the solution 1)4. 99(1 
presents a naked singularity of repulson type, which is again accounted for by the 
enhangon mechanism. 

Let us now pass to recovering some gauge theory quantities from the solution l|4.99j) . 
The relevant relations are still given by (|4.74|) and (|4.76j) : 
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e~^B2 



1 2iV - M , r 
1 7^ — In — 



9ym ^'^9s (27r/s)2 

Oym = [ C2 = -{2N - M)e , 

2-Kgsls JS^ 

and the energy /radius relation we will implement is again given by (|4.89|) : 

r = 27rls'^ /i , ''o = 27rls'^ A , 

so that we obtain the following correct perturbative /3-function of the gauge theory: 

2A^-M 



(4.100a) 
(4.100b) 

(4.101) 
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(4.102) 
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The analysis of the chiral anomaly is also analogous to the one we performed in 
the previous subsection. An R-symmetry transformation of parameter e changes the 
theta-angle as follows: 

^YM ^ ^YM - 2e(2iV - M) , (4.103) 

so that the allowed transformations of 6 in the solution, namely the ones respecting 
the periodicity of Jg2 C2, are only the one in the '^2{2N-'M) subgroup of U{l)ii. The 
supergravity solution then correctly accounts for the chiral symmetry breaking U{l)ii — > 
1^2{2N-M) of the dual gauge theory. 

As in the previous subsection, we can also extract the correct instanton action from 
our configuration. Since the gauge theory lives on fractional D3-branes, we need to 
probe the geometry with the action of a fractional D(— l)-brane, namely a fractional D- 
instanton. The computation is perfectly analogous to the one performed in the previous 
subsection, and one obtains the correct result: 

5d(_i) = - ^^YM . (4.104) 

We have now concluded our analysis of some applications of the gauge/string cor- 
respondence to theories with eight preserved supercharges. In the next chapter, we will 
consider examples of theories with additionally reduced supersymmetry, concentrating 
in particular on brane configurations dual to N = 1 gauge theories in four dimensions. 
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5 

Gauge/Gravity with Four Supercharges 



This chapter ends our journey through non-conformal and less-supersymmetric cases 
of the gauge/gravity correspondence by analyzing some classical solutions dual to M = 
1 Super Yang-Mills theory in four space-time dimensions. The importance of these 
studies relies in the fact that this is the supersymmetric theory which more closely 
resembles a phenomenologically realistic gauge theory, since it is believed that they 
share crucial properties such as asymptotic freedom in the ultraviolet and confinement, 
chiral symmetry breaking and generation of a mass gap in the infrared. In order to study 
M = 1 theories, we consider three specific examples: The Maldacena-Niiiiez solution, 
the warped deformed conifold and a system of fractional D3-branes on a C^/Z2 x Z2 
orbifold, and we show how one can extract information on gauge theory properties 
such as the chiral anomaly, gaugino condensation, the gauge coupling at all loops and 
non-perturbative superpotentials. 

5.1 The Maldacena— Nunez solution 

The first brane configuration we consider in order to engineer a non-conformal gauge 
theory with four supercharges is again a system of D5-branes wrapped on a supersym- 
metric cycle. Differently from the case of the wrapped D5-branes treated in section 
now the particular embedding of the gauge in the spin connection will have the interpre- 
tation of wrapping the branes on a two-cycle in a Calabi~Yau threefold, thus breaking 
additional super symmetry. The configuration under study is the following: 

CY3 







52 


A^4 


D5 

























We already presented the topological twist at hand in section where we showed 
that the resulting theory on the four-dimensional "fiat" part of the world- volume of the 
D5-branes is pure M = 1 Super Yang-Mills theory in four space-time dimensions. 
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The supergravity solution 

The construction of the supergravity solution proceeds in a way which is analogous to 
the one used in chapter 01 namely by looking for an appropriate domain- wall solution 
of seven-dimensional gauged supergravity (since we are considering five-branes), with 
the needed twist. We do not give here the details of the construction [TH j [77 | ITS l ITT], 
but let us pause for an important observation. If we just turn on a U{1) gauge field 
of the seven-dimensional gauged supergravity, the resulting domain wall solution can 
be shown to be singular, in perfect agreement with all the examples presented in the 
previous chapter. 

However, unlike the other examples we presented so far, in the present case the 
singular nature of the solution can be cured [7B1I77|. How? We said that we identified 
a U{1) C SU{2)l with the spin-connection of the two-sphere on which the wall is 
wrapped, with an ansatz like: 

Ar^ cos9d4),, (5.1) 
but we can also think of turning on the other components of the SU {2)l gauge fields: 

^ a{r) sin 6 d(j) , A cos 9d(j),, (5.2) 

where a(r) is a function that approaches zero in the r — > oo limit. This means that the 
twist is the usual one for large r, as it should be since we are by now used of thinking of 
large distances as the ultraviolet region of a gauge theory, where the perturbative degrees 
of freedom used for discussing the topological twist are the relevant ones. However, 
we have introduced a deformation at short distances that makes the solution smooth 
everywhere. 

This is the first time we are able to achieve such a result, which seems a specific 
feature of cases with four supersymmetries, and will give us the possibility of exploring 
additional aspects of the gauge theory under consideration, since there is no longer an 
enhangon mechanism at work. In fact, such a resolution of the singularity (which takes 
place in the present case as well as in the case of the conifold we will consider in the 
next section) can be mapped to a phenomenon oi M = 1 gauge theory which was not 
present in more supersymmetric cases, namely the chiral symmetry breaking due to 
gaugino condensation. Unlike the one-loop U{1)r anomaly, this additional breaking 
is a pure infrared phenomenon which manifests itself at the level of supergravity with 
the deformation and desingularization of the solution. We will comment more on this 
below, when we study the dual gauge theory in detail. 

Let us now present the full ten-dimensional Maldacena-Nuhez solution in the string 
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frame j77] : 



Tj^^dx^'dx'^ + gsNls^ (^e^^ide^ + sin^ 0d4>^) + dp'^ + ^(a" - 



2,j, sinh 2p 

= OsNls 



a=l 



(5.3a) 
(5.3b) 

(5.3c) 



where the indices a, (3 run as usual from to 3, p is a dimensionless coordinate which 
is related to the physical radial distance r via r = y/g^N Is p and where: 



= -]^a[p)de , A^ ='^a[p)s\ned^, A^ 
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/9COth 2/9 
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sinh^ 2p 4 ' 



a{p) 



2p 



(5.4) 



sinh 2p 



and = d^'^ + e'^''^^ A The 0"" are left-invariant one-forms parameterizing the 
round three-sphere that was used to hft the solution from seven to ten dimensions (see 
the third parameterization in insert [21 on pagel59|): 



(T^ = — (cos ijjdO + sin ip sin 



a = —-{sinip dO — cos Tp smOdc/)) , 



-{dil) + cos 6d(j)) 



(5.5) 



Since we wih need it in the following, let us also compute the explicit expression of 
the R-R potential C2: 
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QsNls 



{ip + i;o) {sine d9 A • 



sin 6d9 A dcp) + cos 6 cos 



A 



-a{p) 



d9 Aa^ — sin 



A a' 



, (5.6) 



where we have taken into account an arbitrary integration constant ^q. 

As we anticipated, thanks to the non-abelian ansatz in gauged supergravity, the 
solution 15.31 is completely smooth, including the point p = 0. In fact, one easily sees 
that for small p the angular part of the six-dimensional part metric 1)5. 3a() transverse 
to the four flat coordinates x°, reduces to: 



dsc^ = - (cos sin 
1 



sin ipdO — sin 



+ -(sinV'sin6'd</) + cosipd9 + dOy + -{dxp + cos 6*^0 + cos9d4>y . (5.7) 

Although it is quite difficult to see it, the above metric can be shown to be a redundant 
expression for the metric on a round three-sphere , which of course has no singularity. 



110 



The dual gauge theory 

Let us now turn to the dual N = 1 U {N) Super Yang-Mills theory. We already know 
how to extract from supergravity the running coupling constant and chiral anomaly of 
a four-dimensional gauge theory from our general discussion in section 14.31 and specific 
M = 2 examples in section ^31 We are going to use again the relations (|4.74j) - (|4.76|l : 

= / (n],2 I d^^e-^Vd^, ^YM = --^/ C2, (5.8) 
Sym 47r5, (27r/,)2 7^2 27r5,// Js^ 

where S'^ denotes the two-cycles on which the D5-branes are wrapped and G and C2 
are meant to be space-time fields restricted to the cycle. 

The problem is now the correct identification of the two-cycle. Naively, and driven 
by analogy with chapter 0J we would say that it is simply the one parameterized by the 
angles 6 and (p. However, things are not so simple ^01- In order to clarify this issue, 
let us study the large p limit of the solution. The five-dimensional angular part of the 
metric (|5.3a|) for large p reduces to: 

dsl ~ P (dd^ + sin^ ^#^) + \id9^ + ^#^) + + cos ^# + cos 0#)2 , (5.9) 

which can be recognized as the metric of T^'^ (see insert 13 on page rmll . although 
rescaled in a way it is no longer an Einstein space. The topologically non-trivial cycles 
can then be derived from insert d on page I112| and in particular the S'^ of minimal 
volume can be written as:^ 

'0 = Oor27r, §=-6, 4> = -((> . (5.10) 

One then finds, integrating on the above cycle and using 1)5. 3(1 and ()5.6|) . that the gauge 
theory quantities 1)5. 8|) are given in terms of supergravity parameters as: 

^ ' 2Mp) + („(^)_1)2\ JL^tanhp, 9YM = -Ni;o. (5.11) 



The next step is the identification of p with gauge theory scales, via an appropriate 
energy/radius relation. However, in this case things are not so simple as in the previous 
chapter, and in order to find the correct gauge/gravity relation we first have to study 
chiral symmetry breaking in detail. Notice that, besides the observations we made 
in chapter the difficulties of establishing an energy/radius relation are due to the 
fact that the present setup has fluxes replacing branes, in the spirit of the geometric 
transitions discussed in section 13.61 In the absence of "real" branes, it is not at all 
easy, and in fact improper, to implement a relation such as the one coming from the 
"stretched string" argument. 

Let us then turn to the chiral anomaly. From (|5.11j) . we see that U{1) R-symmetry 
transformations in the gauge theory have to do with shifts in the angular variable ip in 

^ There is another choice of parameterization besides 1)5.10^ that we wiU not consider, but that gives 
fully equivalent results |8()| . 



Ill 



Insert 7. T^'^ and its cycles 

The space T^'^ appears ubiquitously in geometrical setups dual to AA = 1 gauge 
theories in four dimensions. It is an Einstein space that can be defined as the coset 
space: 

^ SU{2) X SU{2) 
U{1) 

The metric on T^'^ can be cast in the form: 

2 X 2 , 2 



1 / \ 1 

i=l i=l 



where < -0 < ^vr, < < vr and < (pi < 2it. This form of the metric explicitly 
shows that T^'^ is an bundle over 5^ x 5*^. Using the metric, one can also compute 
the volume: 

Voi(ri'i) = 

Topologically, the T^'^ manifold can be thought of as 5^ x S^. The two cycles can 
be identified as: 

: V = 0, 01 = 02, (t>i = -<p2, 

: 9^ =6^ = 0. 



supergravity. On the other hand, it is also clear that shifts in ip are not a symmetry 
of the full solution H5.3|l . In fact, the only remnant of the symmetry is the choice of ip 
to be fixed at one of the values or 2it, as one can see from 1)5. 10() . recalling that the 
period of ip is in. This Z2 symmetry is all that is left of the R-symmetry, and this is the 
correct expected result, since in AA = 1 Super Yang-Mills theory gaugino condensation 
breaks the Z2N unbroken symmetry of the ultraviolet down to Z2 . 

We would like to analyze this phenomenon more closely, starting from the large p 
ultraviolet region. In this region, we can identify the two-cycle on which the branes are 
wrapped as simply being the one parameterized by {9, 4>), and we get: 

r N 

^YM~ / C2 = — (V' + V'o)- (5.12) 

The above result is invariant for shifts of the form: 

, 27rA; 

+ (5.13) 

which are thus symmetries of the solution for large p. Since an R-symmetry transfor- 
mation of parameter e changes the theta angle by 6ym — *■ ^ym — 2Ne, from (|5.11l) we 
see that this transformation translates in supergravity as: 

V'^V' + 2e. (5.14) 
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This means that the remaining ultraviolet symmetries in (|5.13|) correspond to the break- 
ing of f7(l)/j down to Z2iv, which is the correct R-symmetry breaking in the ultraviolet. 

Therefore, we have seen that the supergravity solution perfectly accounts for the 
chiral symmetry breaking phenomenon in the gauge theory, both in the ultraviolet 
where a TL2n subgroup of \J{X)r is unbroken, and in the infrared where the addtional 
breaking 'L2N ^2 takes place. The final step is to understand what is the reason of 
the latter breaking in supergravity, and this can be easily traced to the appearance of 
the function a(p) in the solution (|5.3|) . It is a(p) which is responsible for the deviation of 
the explicit form of C2 from its asymptotic value, which in turn generates the infrared 
chiral symmetry breaking. 

In gauge theory, we know that the TL^n ^2 breaking is a consequence of gaugino 
condensation, and it is therefore natural to identify this gauge theory quantity with the 
supergravity quantity a(/o) [811 171j . This is crucial since it is the main ingredient that 
we need to determine the energy/radius relation. In fact, the gaugino condensate is 
a protected operator in the gauge theory, which is related to the dynamical scale via 
(TrAA) = A^. This means that, recalling that the function o(/o) is dimensionless and 
thus introducing the subtraction scale [i of the gauge theory, we can identify: 

[i^ a{p) = , (5.15) 

namely: 

A3 _ 2p 
fi^ sinh 2p 

This relation gives implicitly the energy/radius relation between supergravity coordi- 
nates and gauge theory scales, and will be used in the following to extract the /3-function 
of the gauge theory. In fact, we can write: 

s dgYM dgYM dp 
/?(^7ym) = ^ = ^^. (5.17) 

Now, let us first use the asymptotic behavior of 1)5. 11(1 for large p, neglecting subleading 
exponential corrections. This is given by: 

1 Np 
4^' 



We therefore get: 



9ym 



(5.18) 



dp 87r2 

-il--] =-(1 ^^VM 



dp _3/ ly _3/^ Ng^ 
dln^ 2 V 2pJ 2 V Svr 



(5.19) 



where in the latter equality we used the asymptotic relation (|5.18|1 to trade p for gyu- 
The final result we obtain is then: 



«^M) = -:^ 1-^) . (5.20) 
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which is the correct NSVZ /3-function at all-loops computed in the Pauli-Villars renor- 
malization scheme for N = 1 Super Yang-Mills theory jS2]- Now, the identifica- 
tion ()5.16() between a{p) and the gaugino condensate is an exact equation due to the 
fact that the operator is protected in the gauge theory. This means that we can think of 
taking into account the exponential corrections to (|5.19|) by using the full relation 1)5. 16() 
instead of just using its asymptotic value. This modifies (|5.19|) as follows: 



We would like to make some observations on this final result for the scale anomaly 
of = 1 Super Yang-Mills engineered via wrapped D5-branes. It is already quite re- 
markable that a classical supergravity computation, together with physical input about 
the identification between supergravity coordinates and gauge theory energies, is able 
to give a closed and analytically correct result for a quantum scale anomaly at all 
loops as ()5.2U|) . It is maybe even more remarkable that the full result 1)5. 22() also in- 
cludes contributions which look like non-perturbative modifications to the running of 
the coupling. In fact, the dependence of the corrections on ^ym is such that it is 
tempting of interpreting them as non-perturbative contributions coming from "frac- 
tional instantons", namely instantons of fractional charge j^. However, there is debate 
in the literature about this interpretation, since the full theory living on the D5-branes 
is six-dimensional (the fiat four dimensional space-time times a two-sphere) and it is 
at present unclear how to decouple, even in some specific regime of energies, the four- 
dimensional dynamics from the Kaluza-Klein modes on S"^ within the region of validity 
of supergravity. Nevertheless, even in absence of a purely field-theoretic analysis (that 
would be of course extremely interesting to perform), the fact that the above correc- 
tions are indeed a property of the four dimensional gauge theory, instead of a spurious 
phenomenon due to modes coming from the ultraviolet completion of the theory, would 
receive an indirect confirmation if a result like (|5.22|) could also be recovered by a brane 
setup with a different ultraviolet completion. We will see in the next section that this is 
the case, by performing an analogous study of the warped deformed conifold solution. 

Before going on, let us also mention that, also in the N = 1 case at hand, the action 
of an instanton configuration can be correctly recovered by considering a euclidean 
Dl-brane probe wrapped on the same two-cycle of the D5-branes. The computation is 
perfectly analogous to the one we did in section and gives the expected result 1)4. 97p . 



Thanks to its non-singular nature, the Maldacena-Nuiiez solution (|5.3|) is able to give 
us another relevant piece of information on the dual J\f = 1 gauge theory at the non- 
perturbative level, namely the tension of the confining g-strings jS.Sj . 





and the /3-function (|5.2fl|) is then modified as: 





Confining strings 
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Confining g-strings in a SU{N) gauge theory (q = 1, . . . , N — 1) can be thought 
of as tubes connecting q probe quarks with q probe antiquarks, and correspond to 
Wilson loops in tensor representations with q indices. Of course, one has the symmetry 
q ^ N — q obtained by replacing quarks with antiquarks. An interesting question one 
could investigate is how the tension of the confining string scales with q. In particular, 
a behavior like: 

(5.23) 



Tq+q' < Tq + Tqi 



would imply that the g-string does not decay into strings with smaller q. 

What is a confining g-string in the background (|5.H|) ? It should be described as q 
coincident fundamental strings placed at p = (since it is in that region of distances 
that confinement takes place) and extending inside the space spanned by x". However, 
we know that at small p there is a non- vanishing flux of through a three-sphere, 
and this has the consequence of blowing up the strings into a three-brane wrapping 
an S"^ inside the S^. In order to understand this phenomenon, it is easier to go into 
the S-dual description, where the D5-branes generating the geometry turn into NS5- 
branes and the confining strings into Dl-branes which expand into D3-branes. We 
can therefore probe the S-dual solution for small p with the world-volume action of an 
appropriately wrapped D3-brane with q units of world- volume gauge field F turned on. 
This computation was first done for a T-dual case in j84j . 

The S-dual solution describing NS5-branes wrapped on a two-sphere inside a 
Calabi-Yau threefold assumes the following form for small p: 



ds^ ~ rja/Bdx'^dx'^ + gsNls^{dtp^ + sin^ tp{de^ + sin^ Odcj)^)) 



(5.24a) 
(5.24b) 



Notice that the coordinates appearing in (|5.24|) should not be confused with the one 
we have used for the Maldacena-Niiriez solution up to now. In fact, here we have used 
the fact, noticed in 1)5. 7() . that the angular metric reduces for small p to the metric on 
a round three-sphere in order to choose a much simpler parameterization of the metric 
(the second in insert |S1 on page 15^ . 

Let us then probe the geometry with a D3-brane wrapped on the two-sphere {9, (j)) 
inside the three-sphere (V', 0, (j)) . The following world-volume gauge field is turned on: 



F = -ifS. sin 9de Add). 
2 ^ 

The relevant Dirac-Born-Infeld part of the action of the probe is as usual: 



S = -T3 J d'x dO del) e-'^^l- det ( Gat + Bab + 2TTls'Fab 

Using the solution (|5.24|) . the determinant turns out to be: 



det ( Gab + Bab + ^nls'^Fab] = gsNls^ sine 



. 4 , sin2^/; nq 
sm — 



(5.25) 



(5.26) 



1/2 



(5.27) 
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whose minimum value is reached when: 



^ = ^ • (5.28) 

At this value of ip, the determinant (|5.27|) becomes: 

gsNls^ sm9sm^, (5.29) 

and from the probe action (after performing the trivial integration in 9,<j)) one can read 
the fohowing effective tension for the confining g-string: 



This behavior of the tension of the confining g-string has been found also with other ap- 
proaches jSHllHni and seems also supported by lattice calculations in non-supersymmetric 
pure glue gauge theory |S71 |HH| • Notice finally that the N ^ oo limit of ()5.3U|) gives for 
the tension of the confining one-string the one of the fundamental string, Ti 
as expected. 



1 



2ttI, 



5.2 The conifold and J\f = 1 gauge theories 

The next case we are going to consider is the prototype example of the "geometric tran- 
sition" framework we discussed in chapter |3J the conifold [441 145j . We will not have the 
space to explain all derivations in detail as far as the classical solutions are concerned, 
but we will limit ourselves to essentially following the lines of the nice reviews j89( I9flj . 

In section 13.61 we showed how a relevant deformation of a C^/Z2 orbifold makes 
the geometry flow to the conifold, which breaks additional supersymmetry down to 
eight supercharges. The theory living on a stack of M D3-branes on the conifold 
is then an = 1 four-dimensional superconformal quiver theory with gauge group 
SU{M) X SU{M), matter in bifundamentals and a quartic superpotential. 

We have also seen that adding to the configuration N fractional D3-branes stuck at 
the singular point, which have the interpretation of D5-branes wrapping the vanishing 
two-cycle of the conifold geometry, changes the gauge group to SU (M+N) x SU (M) and 
makes the theory non-conformal. In the following, we will report on the construction of 
a supergravity solution describing this brane configuration and we will discuss as usual 
what gauge theory information we can recover from the classical solution. 



Fractional D-hranes on the conifold and the duality cascade 

Let us start by recalling that the conifold can be seen as a six-dimensional cone over 
the space T^'^, so that the metric can be written as: 

dsl = dr'^ + r'^ds^ia , (5.31) 
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where the Einstein metric on T^'^ is given in insert [7| on page 11121 If we place M 
D3-branes at the apex of the cone, we find the fohowing metric in the standard way: 

ds^ = H-^'^ r]^pdx°dx'^ + H^/^{dr^ + r^dsli.i) , (5.32) 

where the normahzation of the fluxes requires j91j : 

H{r) = 1 + ^ , R^ = Z ^^dsls'^M . (5.33) 

lb 

Let us now add N fractional D3-branes, which act as sources of through the 
of T^'^ (compare the similar behavior of the fractional D3-branes on C^/Z2 studied 
in section [4.41 where it was interpreted as charge under the twisted R-R field). We 
therefore want to find a solution with the following normalized fiuxes: 

^ '' " N, . \, [ F^ = M. (5.34) 



{2'KlsYgs Js3 ' {'^T^hYgs Jt^,i 



Such a solution was found in [22]. It will be useful to introduce the following bases of 
one- forms: 

= — sin 6id(f)i , = dOi , = cos sin 62d(f>2 — sin ^(i^2 , 

4 5 (5.35) 

e = sin ip sin 02^^02 + cos ipd92 , e = dip + cos Oidcpi + cos ^2^02 , 

and: 

1 e-^ — 9 — e'* , + a e'^ + e'^ c ^ 

9 = ^ , 9 = ^ , 9 = ^ , 9 = ^ , 9 =e , 

V2 V2 V2 V2 

(5.36) 

in terms of which the metric on T^'^ can be written as: 

4 

9'-^ ' '6 



i=l 

The full solution of j92j can then be cast in the following form: 

ds^ = h~^/^{r) ri^pdx^dxf^ + h^l^{r){dr^ + r'^dsl^,^) , (5.38a) 

B2 = In - {g' Ag'+g'A /) , (5.38b) 
4 ro 

Fs = g' A ig' Ag' + g'A /) , (5.38c) 

Fs = -^5 + *-F5 , -^5 = 277TgJs^M,s{r) Yol{T^'^) , (5.38d) 
where tq is a regulator and: 

h{r) = 27nls' 2. ^ 4 



' (5.39) 
Meff(r)=M+^ In-. 
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As one might have expected, this solution has a naked singularity at the point 
where /i(r) vanishes. However, in the case of the Maldacena-Nuhez solution considered 
in the previous section we learned that, when constructing a solution dual to a gauge 
theory with four supercharges, it is sometimes possible to deform it and smooth out 
the singularity. Is there this possibility in the case of the conifold? Notice that the 
five- form flux, due to the expression (|5.38d|) . is no longer quantized, and this fact can 
be traced to the supergravity equation of motion: 

dFs = ^3 A F3 . (5.40) 

Our identification of the rank of the gauge groups with the flux of has thus to be 
modified, and we could say that the gauge group is SU{M(,s + x 5?7(Meg), but only 
when Meff is integer at the special radii = rg exp{—2Trk/3gsN). This means that the 
rank of the gauge group, when decreasing r, is reduced as M^s = M — kN. 

All this has a very nice meaning in the dual gauge theory. By studying the flux of 
B2, that we know to be related to the running coupling constant, one discovers that 
there is a scale when the coupling of SU {M + A^) diverges. This forces us to make 
an AA = 1 Seiberg duality transformation jHS]- Since the SU{M + N) gauge factor 
has 2M flavors in the fundamental representation, the Seiberg duality transformation 
changes the gauge group into SU{2M — (M + N)) = SU (M — N), and we finally obtain 
a SU (M) X SU{M — N) gauge theory closely resembling the theory we started with. 
This behavior precisely match the non-conservation of the flux of -F5 in supergravity. 
This phenomenon has been called a "duality cascade" |94j . 

At some point, however, the duality cascade must stop, since having negative Mgfj 
makes no physical sense. This is mapped to reaching the singularity of the solution. 
Luckily, at this endpoint of the cascade the gauge group is simply reduced to SU{N): 
we know that chiral symmetry breaking takes place, and this could modify the solution 
and remove the singularity as in section 15.11 The details of this mechanism are the 
subject of the next subsection. 

The warped deformed conifold 

To remove the singularity of the solution 1)5. 38() . the conifold must be replaced [M] by 
the deformed conifold ()3.51|) . that we rewrite as follows:^ 

x"^ + y"^ + z"^ + t"^ = e"^ . (5.41) 

Recall that the singularity of the conifold is removed through the blow-up of the three- 
sphere S^ of T^'^. The metric on the deformed conifold can be given in terms of (|5.36|) 

^Notice that, differently from cfiapter|3 tlie coordinates in 15. 4H liave engineering dimensions [x] — 
[y] = [z] = [t] = [e] = L^^^, due to the form of the metric. This will be important later in this section. 
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as 113175]: 



dSa 



£4/3 



K{t) 



(5.42) 



where: 



K{t) 



(smh2r-2r)^/3 



(5.43) 



2^/3 sinhr 

Notice that we can introduce another radial coordinate r for large r, in terms of which 
dsl dr'^ + r'^ds^iy. 



25/3 



^4/3g2r/3 ^ 



(5.44) 



By imposing suitable ansatze and solving the first order BPS equations, Klebanov 
and Strassler found the following solution of type IIB supergravity, called the warped 
deformed conifold jMl : 

ds^ = h-^/\T) i]ai3dx''dxf^ + h^/\T) dsl ' 



where: 



B2 

F3 

h 

Fir) 
fir) 
Hr) 

i{T) 



'-^[fir)g'Ag' + k{r)g'Ag'], 

A 5=^ A / + d[F{r){g' A g' + g' A /)]} 



•^5 + "-^5 



sinh T — T 



:F, = '-^^iir)g'Ag'Ag'Ag'Ag' 



(5.45a) 
(5.45b) 

(5.45c) 

(5.45d) 



2 sinh r 




T COth T — 


1 


2 sinh T 




T coth r — 


1 


2 sinh r 




r coth r — 


1 



4 sinh^ r 

Mr) = igsNls')'2^/h~^/^ 



(cosh r — 1) , 
(cosh r + 1) , 
(sinh 2r - 2r) 



(5.46) 



°° xcothx - 1 , . , „ „ .1/3 

dx 2 (smh2x - 2x)^''^ 

sinh 



The solution 1)5. 45() is completely smooth. In fact, the geometry for small r is very 
similar to the one we found for the Maldacena-Niihez solution in 1)5. 7|1 . The function 
/i(r) approaches the constant value /i(r) ~ {gsNls^)'^2'^/^£~^/^aQ for r 0, where one 
can evaluate numerically ao ~ 0.71805, and the geometry becomes approximately M^'^ 
times the deformed conifold: 



ds' 



.4/3 



2i/3ai/2g^Ar;,2 



dx'^dx^ + aJ'^Q-^/^g^Nl, 



X { \dr' + \i9'f + ia'f + igr + -^r\g')' + io^] \ , (5.47) 
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which degenerates to M^'^ x for r = 0. 

The dual gauge theory 

The supergravity solution (|5.,38|) describing D-branes on the conifold is in general dual 
to a comphcated gauge theory, with two gauge groups, matter in bifundamentals and a 
quartic superpotential. We could proceed for example by analyzing the running of the 
coupling constants [HHI) but we prefer taking a different route since we would rather 
like to study pure M = 1 Super Yang-Mills theory. 

In fact, pure SU{N) Super Yang-Mills is the theory lying at the end of the duality 
cascade. On the other hand, the deformation of the conifold is dual to chiral super- 
symmetry breaking, which is a phenomenon taking place only in this simpler theory. 
Therefore, also in view of what we learned in chapter |31 we expect that both solutions 
with M = 0, namely with only fractional D3-branes, and in particular the non- 
singular solution (|5.45|) by Klebanov and Strassler which does not depend on M at all, 
are able to give us information on pure M = 1 SU{N) Super Yang-Mills theory. Our 
starting relations are the usual ones given in (|4.74j) - (|4.76|) : 

B2 , Oym = -^—^ [ C2 , (5.48) 



9ym '^'^9s (27r/s)2 ' 2TTgsls'^ JS2 

where the two-cycle 5^ (see insert [3 on page 11121) given by: 

V' = 0, 01 = 02, <Pi = -^2- (5.49) 

Recalling that in section [5ni we were able to derive the correct energy/radius relation 
by studying chiral symmetry beraking, we start by considering the chiral anomaly |95j . 
which can be read off the conifold in a very similar manner. 

In fact, the asymptotic metric (|5.H8|) has a U{1)r symmetry associated with shifts 
in ip. The theta-angle in this case is given by: 

^YM = / C2 = N,p (5.50) 

-iT^gsh Js2 

(where we have written a local expression for C2), and it is not invariant for arbitrary 
shifts of ^. Exactly as in the case of the Maldacena-Niihez solution, the invariance 
of (|5.5U|) under ijj ^ 11) + corresponds to the anomalous breaking of the ?7(l)i? down 
to 1j2N- This breaking is an ultraviolet phenomenon and in fact we are able to read it 
from the asymptotic Klebanov-Tseytlin solution 1)5. 38() . 

The full solution 1)5. 45() by Klebanov and Strassler does not have this Z2Ar invariance 
anymore. All the freedom we have, as in the previous section, is the choice 1^ = 0, 2tt. 
This is the remaining Z2 symmetry of the pure M = 1 theory which leaves the gaugino 
condensate invariant. 

Let us analyze this fact a little bit more, since we would like to use it in order to 
extract a gauge /gravity relation to be used in the present case. Recalling from (|5.4H|) 
that the function F[t) which enters the expression of F3 has the asymptotic value 
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F{t) ~ ^ for large r, and in fact, at this value of F{t), reduces to the form given 
in the asymptotic solution H5.45() . We can therefore say that the additional anomalous 
breaking Z2N ^2 can be traced to the radial dependence of the difference of C2 with 
respect to its asymptotic value [HH] : 

This expression will play the same role as the function a{p) in section 15.11 In fact, 
following the same reasoning which led us to (|5.16|) . we will impose the following en- 
ergy/radius relation: 

A3 r , , 

fi-^ 2 smh r 

Let us then proceed by computing the running coupling constant. By substituting 
the solution in 1)5. 48() . we get the following expression: 

1 Nt 
^ = 4^ ~ 8^ ' 

where the last expression is the leading term for large r. From this expression, together 
with (|5.52|) . we can compute the /3-function of the gauge theory in exactly the same 
way as in section [^ITl and the final expression reads: 

/?(^^m) - - + YT^TE^^ ) ■ (5.54) 

The above result is precisely the same as the one we obtained in 1)5. 22() from the 
Maldacena-Niinez solution, namely it is the all-loop NSVZ /3-function plus corrections 
which have the form of fractional instanton contributions of topological charge j^. In 
our opinion (compare the discussion below (|5.22j) ). this fact strengthens the validity of 
this result for the pure M = 1 SU(N) gauge theory. 

The Veneziano-Yankielowicz superpotential 

The gauge theory information we can extract from Klebanov and Strassler's warped 
deformed conifold does not end here. In fact, we will now analyze a completely new 
piece of information that we can obtain - the non-perturbative effective superpotential 
which is generated in the infrared of the gauge theory, as first conjectured by Veneziano 
and Yankielowicz on the basis of anomaly considerations [HTj. The computation of the 
effective superpotential that we will explicitly rederive here was sketched in [491 198| . 

In fact, in section 13.61 we already mentioned Vafa's proposal for the identification 
between the superpotential oi M = 1 supergravity and the effective superpotential of 
the gauge theory in the "geometric transitions" framework. Since we know that the 
deformed conifold is the prototype example of such a transition, let us see whether 
we can apply Vafa's methods here. The main ingredient we will implement is the 
formula for the effective superpotential in terms of the fluxes of the complex three-form 
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Gs of the classical type IIB solution and the periods of the holomorphic (3,0)-form 0, 
of the Calabi-Yau threefold we are considering. We already introduced the general 
formula (|3.58|) . which we repeat here: 



^^Y.\ f ^3/ n - [ n [ G3 

L JAi J Bi JAi JBi 



(5.55) 



where Ai and Bi are the standard orthogonal three-cycles of the Calabi-Yau, respec- 
tively compact and non-compact. 

We will here concentrate on the case of the pure M = 1 SU (N) Super Yang-Mills 
theory, which one obtains when considering N fractional D3-branes (namely, wrapped 
D5-branes) and no regular brane on the conifold (which is then deformed, as a dual 
phenomenon to chiral symmetry breaking in the gauge theory, as we have seen). 

The first step is the identification of the three-cycles A and B (in the case at hand 
there is just a single cycle of each kind), which is easy once we recall the cycles of T^'^ 
described in insert on paere 11121 We have: 

A (compact) : r constant, ^1 = , cpi = , 

B (non-compact) : ip = , Oi = G2 , 4'1 = ~4'2 ■ 

Let us compute the fluxes of G3 = F3 — iH^ on the cycles (|5.56|) . It is instructive 
to start with the singular Klebanov-Tseytlin solution (|5.38|) . for which we already 
computed: 

Passing to the i?-cycle, its non-compactness forces us to evaluate the needed integral 
over the radial variable r up to a cut-off Vc- Moreover, since the solution is singular 
we cannot reach the value r = 0, so we introduce an additional cut-off tq on short 
distances. With these assumptions (and taking for simplicity 6'ym = 0), we find: 

/ F3 = , H3 = GirgsNls^ / — = 67rg,Nl,^ In ^ , (5.58) 

Jb Jb Jro r ro 

which implies: 

' ^G3 = ^ln^. (5.59) 



{2TTlsYgs Jb 27ri ro 
Prom the above expression we easily recognize the correct one-loop running coupling of 
M = 1 Super Yang-Mills, if we implement the usual "stretched string" energy/radius 
relation we are used to from the previous chapter. 

Consider now the smooth Klebanov-Strassler solution 1)5. 45p . The flux of G3 along 
A is unchanged, and is still given by (|5.57|) . As for the flux through we compute: 

= , / = ^T^gsNls'' r drk' = AirgsNls^kiT,) , (5.60) 



b Jb Jo 
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where we notice that now we can reach r = since the solution is non-singular, but we 
still need a cut-off Tc due to the non-compactness of the cycle. Therefore we obtain: 

1 la^^^miA, (5,61) 



{2-KlsYgs Jb 27rz 

Since the two solutions (|5.38|) and (|5.45|) are supposed to describe the same geometry 
for large values of the radial coordinate, in that region we must identify the fluxes. 
Expanding (|5.61|) for large Tc, since A;(tc) ~ ^ we get: 

Nt 

G3~^. (5.62) 



(27r/s)^5s Jb 27ri 
Imposing the equality of (|5.62|) and ()5.59|) . we get the following relation between the 
two radial coordinates, valid for large r: 

Tc = 31n — , (5.63) 
which agrees with the relation = ^^e'^^'^e^^/^ given in (|5.44|1 . once we identify 

_ 3l/2e2/3 
'^O - 25/6 ■ 

The next ingredient we need is given by the periods of the holomorphic (3, 0)-form 
n along the two-cycles. Recall again that the deformed conifold can be described as 
the F{x,y,z,t) = hypersurface 1)5. 41(1 in C^: 

F = + y2 + ^2 _^ ^2 _ g2 _ ^5_g4^) 

The holomorphic (3,0)-form 0, is defined as in 1)3. 57() : 

^ If dx A dy A dz A dt dx A dy A dz 

U = = , . (5.65) 

27rzJ^=o F 2Ve2_^2_y2_^2 

In order to identify the cycles and compute the periods, let us first take a look to insert |H1 
on page 11251 where a non-trivial two-cycle of a Calabi-Yau twofold is constructed. In 
the present case, the three-cycle A is given by a fibration over the two-cycle of insert El 
where we take x € [— e,e], y G [— Ve^ — , Ve^ — x'^] ■ We then compute: 



dz 



VL= I dx I dy I — , = = dx 27r\/ — = vr^e^ , 

J.e J-Ve^ 2v/(e2 - x2) - y2 _ ^2 J 

(5.66) 

where we have used the result given in insert |H1 on page 11251 for the integral of fi^^.o) on 
the two-cycle. On the noncompact three-cycle B, we again need a cutoff on distances. 
Recall that the complex coordinates in 1)5.64(1 have dimension L^/^^ ^nd the cutoff must 
have the same dimension. In order to use a cutoff with dimension of a length, we then 
use Tc^^, where is the one used in (|5.59|) : 

3/2 r^/^ 

r- r-Tc ;>arcsin — 

0,= dx 2'K\J — x^ = 27re^ / dacos^a 

Jb Je J-k/2 (5.67) 

3/2 -I 
Tr 1 



r y e'^ — r-; + t:£ arcsm vr e 

e 2 



123 



Expanding this result for large Tc we get: 

Q ~ 2m 



L 



2 4 4 4 2 



(5.68) 



Let us then summarize all the ingredients we have found for the computation of the 
superpotential. The results of the periods along B are given for large radius, and we 
will use the coordinate r, instead of r , since they are equivalent at large distances and 
it is r which has a more direct gauge theory interpretation at one-loop. 

1 



{iTTlsYgs J A 



G.=N. 



IT e 



1 



{2TTlsYgs JB 

The superpotential is given by: 
1 1 



— 3iVln^ 
27rz ro 



Q = 27ri 



e 



2 n 



£2 £\ 

— + — In 

4 4 4r3 



(5.69) 



2m {27TQ^g, (2^/,2)3 



B 



N 



(27r/,^) 



2\3 



4 ro 



B 



— + — In — r 

4 4 4r3 



(5.70) 



How to interpret the deformation parameter of the conifold, appearing always in the 
combination ^? The latter is a quantity of dimensions which we have seen to be 
related to the infrared chiral symmetry breaking of the theory, and therefore to the 
gaugino condensate S of the gauge theory. It is therefore natural to expect that the 
"stretched string" gauge/gravity identifications will now read: 

^2 



r, = 2ttIs' II, ro = 2^/,^ A , - = (27r//)^5 , (5.71) 
so that, neglecting the constant term, the superpotential (|5.70j) will look as follows: 

W,s = Ns{l-\n^ , (5.72) 

which is exactly the Veneziano-Yankielowicz effective superpotential for pure N = 1 
Super Yang-Mills theory.^ By minimizing it, we find the value of the gaugino condensate 
S in the N super symmetric vacua of the theory: 



5 = A 



3 2-nik/N 



(5.73) 



where = 1, 



As an aside, notice that if we consider subleading corrections to the -B-period of coming from 
the full expression H5.67|l . we find fractional instanton contributions similar to the ones found in H5.54|l 
(we thank Alberto Lerda, Paolo Merlatti and Cumrun Vafa for discussions on this point). A direct 
comparison is however difficult because the renormalization scheme is different in the two cases. 

Besides that, notice that one could also be interested in reproducing the superpotential 15.721 from 
the Maldacena-Niinez solution. This is however not a straightforward problem, since H5.55|l does not 
hold for backgrounds with varying dilaton (for related work, from a different perspective, see 19911. 
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Insert 8. The simplest two-cycle of K3 

As in sectionOini the C^/Z2 orbifold can be defined as the hypersurface F{u, v,w) = Q 
in C^, where: 

F = u'^ + v'^ + uP' . 

This space is clearly singular at the origin of C^. To remove the singularity, we can 
deform the complex structure by replacing the above expression with: 

where we take e to be a real parameter. Let us define the unique holomorphic 
(2,0)-form O^^.o) as: 

j^(2,o) 1 / du A dv A dw du A dv 

We can identify the non-contractible two-cycle in these coordinates by making u 
run from —e to e and v run around the branch cut of the denominator of Q^'^'^^ 
corresponding to u in the above range, as in the following figure: 













V / 










— e 





The period of the holomorphic (2,0)-form along the cycle is then given by: 




= 2TTe. 
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5.3 SQCD from fractional D3-branes 



The study of our last example of gauge/gravity correspondence for a non-conformal 
gauge theory brings us back to an orbifold of type IIB string theory. Unhke the examples 
considered in the previous chapter, however, the orbifold under consideration will break 
three-quarters of the supersymmetry of flat space, so that a D-brane living in such a 
background will have a world- volume theory with 4 preserved supercharges. 

Fractional branes on /Z,2 x Z2 

We are going to consider a system of fractional D3-branes on M}'^ x C^/Z2 x Z2 |lL)Uj .^ 
As usual, we denote with x", a = 0, ...,3 the coordinates transverse to the orb- 
ifold, while we introduce three complex coordinates in the orbifolded directions x**, 
r = 4, . . . , 9 as follows: 

zi= + ix^ , Z2 = x^ + ix"^ , Z3 = x^ + ix^ . (5-74) 

The two Z2 factors of the orbifold group have generators denoted with gi and g2, 
whose action is: 





Zl 


Z2 


zz 


91 


Zl 


-Z2 


-zz 


92 


-Zl 


Z2 


-zz 



The remaining two elements of the group are of course the identity e and 53 = g\g2- 

We want to introduce D3-branes transverse to the /'L2 x Z2 orbifold, as in the 
following table: 








1 


2 


3 


4 


5 


6 


7 


8 


9 


D3 























The necessary ingredients of the analysis are the same ones presented in section l3?3l 
A fractional D-brane will be stuck at the orbifold fixed point zi = Z2 = z^ = 0, and the 
Chan-Paton matrices A of the strings attached to it will transform according to (|3.13|) : 

A ^ 7(5) A 7(5)-' , (5.76) 
where 7(5) is one of the four irreducible one-dimensional representations of Z2 x Z2: 



A : 


7(e) 


= +1 


7(51) 


= +1 


7(52) 


= +1 


7(53) 


= +1 


B : 


7(e) 


= +1 


7(51) 


= +1 


7(52) 


= -1 


7(53) 


= -1 


C : 


7(e) 


= +1 


7(51) 


= -1 


7(52) 


= +1 


7(53) 


= -1 


D : 


7(e) 


= +1 


l{9i) 


= -1 


7(52) 


= -1 


7(53) 


= +1 



(5.77) 



''Notice that in what follows we will always consider the C"^/Z2 x Z2 orbifold without discrete torsion. 
Discrete torsion could be introduced since there are non- trivial two-cocycles [TIITHTn^ ITH^ ITM) . but 
we will not consider this case here since the theory living on D3-branes on the orbifold with discrete 
torsion has a matter content that makes it conformal |1(),S| . 
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which means that there are four different types of fractional branes, that we denote 
with A, B, C and D. Let us then analyze the massless level of the spectrum of the 
open strings attached to a fractional D3-brane. One can easily see that the orbifold 
projection, which acts trivially on the Chan-Paton factors and according to (|5.75|) on 
the oscillators, preserves the following massless states: 



NS states 




1 vector 



R states 


|S0,S1,S2,S3 = •S2,S4 = ^2) 


— > 4 fermions 



These states comprise a single M = 1 vector multiplet. Therefore, the gauge theory 
living on a fractional D3-brane is pure M = 1 four-dimensional U{1) Super Yang-Mills 
theory. On a stack of N fractional branes of the same type we will have pure U {N) 
Super Yang-Mills. 

What happens when we put fractional D3-branes of different types together? Each 
brane will carry an = 1 vector multiplet, so we expect a U{Na_) x U (Ab) x U (Nq) x 
C/(Ad) theory. In addition, from an analysis perfectly analogous to the one performed 
in section 13.31 one finds that there are pairs of chiral multiplets transforming in the 
bifundamental representation of each adjacent gauge groups, so that the full quiver 
diagram of the theory living on A^, branes of type k is given by: 




Our goal is to use this orbifold configuration in order to engineer U (N) M = 1 
SQCD, which is a theory with Nf flavors of "quarks" and "antiquarks" transforming 
in the fundamental representation of the gauge group. We could proceed as we did in 
section ^31 by introducing D7-branes wrapping the orbifold directions, and this route 
was indeed followed in |l()5j .^ However, there is an alternative way jlOSj . which is 
probably even simpler and allows one to see the main features of the theory emerge in 
a very natural way. 

This alternative strategy amounts simply to consider a configuration of N fractional 
D3-branes of type A and Nf fractional D3-branes of type B. The full U{N) x U{Nf) 
quiver theory will therefore be given by the following diagram: 

''See also the review [H], and the recent work [1061 1107] for the related interesting issue of adding 
fundamental matter to the gauge theories dual to the Maldacena-Niinez and Klebanov-Strassler back- 
grounds that we described in the previous sections. 
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Now, the point is that if we concentrate on the theory living on the branes of type A 
by a suitable selection of the open strings with the appropriate Chan-Paton factors, 
what we are left with is precisely U {N) SQCD with Nf chiral multiplets transforming 
in the fundamental and Nf in the antifundamental representation of the gauge group. 
Of course, in the full theory there is the relevant difference that the flavor symmetry is 
gauged, but we will see that this system will be able to give us a big deal of information 
on SQCD via the gauge/gravity correspondence. 



Closed strings and supergravity solution 

The closed type II string spectrum on C^/Z2 x Z2 is similar to the one on C^/Z2. The 
untwisted massless fields can be obtained via the direct reduction of the type II fields 
along the forms surviving the orbifold projection. They can easily be shown to give the 
following Hodge diamond: 







j^0,0 








1 







































3 















= 1 


3 




3 












h^'^ 




3 































^3,3 








1 







^3,0 ^2,1 ^1,2 ;^0,3 =1 3 3 1 _ (578) 



As for the three twisted sectors, the full quiver diagram presented in the previous 
subsection, with all four types of fractional branes, directly suggests the presence of 
three non-trivial two-cycles which are shrinking in the orbifold limit (one for each quiver 
node, except the trivial one). Corresponding to each cycle Cj, i = 1,2,3, there are two 
NS-NS twisted field, that we denote with 6* and The former can be interpreted as 
the component of B on the cycles, while the second are parameters of the geometrical 
blow-up, exactly as in the case of C? /'L2. The contribution of each twisted sector to 
the Hodge diamond, and the total diamond, can therefore be seen to be: 

One twisted sector Full Hodge diamond 

1 1 


1 6 

1 1, 1 3 3 1, 

1 6 



1 1 



(5.79) 
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which confirms the fact that we are deahng with a Calabi-Yau orbifold which breaks 
three-quarters of supersymmetry (see insert H] on page IS5)l . We obtained the above 
information in a somewhat indirect way, but it is easy to exphcitly confirm it all with 
a careful analysis of the closed string spectrum. 

Due to the evident similarities with the case of the C^/Z2 orbifold, we can expect 
that also the construction of the supergravity solution will proceed in a similar way. 
This is indeed the case, and the solution was constructed in |109) . One introduces the 
following decomposition: 



B 



UJ. 



where the anti-self dual two-forms a;, 



(0 



C2 = {Ao)i oj)^' , (5.80) 
dual to the cycles Ci , are defined and normalized 



as: 



UJ. 



U) 



6' 



UJ. 



1 

'4 



*4 



UJ 



-LO, 



(5.81) 



Proceeding as in sections 14.21 and 14. 4( one finally finds the following solution of 
the equations of motion of type IIB supergravity, describing a system of Nj^ fractional 
D3-branes of type k placed at the origin zi = Z2 = Z3 = of the orbifold space: 



H. 



-1/2 



ds^ = 

F5 = dH^^dx^ A...Adx^ +^dH^^dx^ A ... A dx^) 
G3 = dji A J^^ , 
where we have defined the three- forms: 

G3 = dC2 + (Co + ie-^)dB2 , 
7j = (Ao)i + ihi . 
The explicit expression of 7^ in the solution is given by: 



(5.82) 



7i 



iK 



^9s e 



(5.83) 



(5.84) 



where e is a regulator, K = Airgslg'^ and the fi are functions of the numbers of the 
different types of fractional branes: 

h{Nk) = NA + NB-Nc-Nj,, 

f2{Nk) = Na - Nb + Nc - Nj, , (5.85) 
f3{Nk) = Na - Nb - Nc + Nj, . 

Finally, is an appropriate function of Zi whose explicit form, which we will not need 
in the following, is given in jlU9j . 

We will use the above solution in the next subsection to uncover properties of = 1 
U{N) SQCD. Notice that this solution has a naked singularity, a common feature of all 
classical solutions describing fractional branes on orbifolds. One could then proceed by 
examining the appearance of an enhangon mechanism also in this M = 1 case, as we did 
in chapter ID Unlike the cases of the conifold and Maldacena-Nuhez solutions analyzed 
in sections 15.11 and 15. 2( it does not seem possible to obtain a non-singular solution via 
a deformation of the geometry. 
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Figure 5.1: Compact 1-cycles ai and noncompact 1-cycles f3i on the Zi planes. 



The dual gauge theory 

Let us concentrate on a configuration made up of N fractional D3-branes of type A 
and Nf fractional D3-branes of type B in M}'^ X CV 7^2 X Z2. As we already said, the 
theory living on the branes of type A is U{N) SQCD with J\f = 1 supersymmetry, with 
Nf "quark" chiral multiplets and Nf "antiquark" chiral multiplets Qj. 

As we are now used to, we can immediately use the supergravity solution (|5.82|) to 
extract the running coupling constant of the gauge theory. Since it will be useful in the 
following, we will do it by computing the flux of G3 along an appropriate cycle. Let us 
therefore identify the cycles Ai and Bi on this Calabi-Yau orbifold which will be relevant 
for the computation of the coupling constant and non-perturbative superpotential. 

As we can see from the Hodge diamond ()5.79() . this orbifold does not have any non- 
trivial (1,2) or (2,l)-forms coming from the twisted sectors. All the ingredients we have 
at our disposal are then the (l,l)-forms uj2^ . We can therefore identify three compact 
cycles Ai and three non-compact cycles Bi by simply taking the direct product of the 
two-cycles Ci with suitable one-cycles on the Zi planes. Speciflcally, we define: 

Ai = aixCi, Bi = f3ixCi, i = 1,2,3, (5.86) 

where the compact cycles Oj and noncompact cycles Pi on the Zi plane are the ones 
shown in figure I^TTl Therefore, the fiuxes of G3 along the cycles will be given by: 

/ Gs= [ djjA4'^= [ dj, [ ujf= [ dji, (5.87) 

J Ai or Bi J Ai or Bi J ai or (3i J d J ai or ft 

where we have used the definition 1)5. 86() of the cycles and the normalizations 1)5. 81() . 

Using H5.84() and the explicit expressions 1)5. 85() for the functions fi{Nk), we can 
compute the running gauge coupling constant of the theory living on the N branes of 
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type A, which is given by:^ 

= 7 — rr^y^ G3 = ^(3N -Nf)ln^, (5.88) 

where we have used a cut-off pc on the integration on pi = \zi\ along the Pi cycles on 
the Zi planes. The additional cut-off pQ at short distances is due to the fact that since 
we have a singular supergravity solution we cannot reach the position of the branes, 
namely p = 0. If we proceed by implementing the usual "stretched string" energy /radius 
relation: 

Pc = 2^/,2 ^ ^ 2ttIs^ a , (5.89) 

we get the correct one-loop running coupling constant for our U{N) SQCD: 

Can we extract additional information on the gauge theory? We want to turn to 
the vacuum structure, namely to the moduli space of the theory. It is known (see for 
instance jllOj 'l that U{N) SQCD has a very different behavior depending on the number 
of flavors. In particular, let us concentrate on the case in which the number of flavors 
A'^^ is less or equal to the number of colors N. This is the so-called Affleck-Dine-Seiberg 
theory jlllj . for which it is known that a non-perturbative superpotential is generated 
and produces a runaway behavior. Let us see how we can recover this structure from 
geometry. 

As a starting point, consider just a single fractional D3-brane of type A together 
with one of type B. As single objects, they are charged under all four sectors of closed 
string theory (and this is the reason why they cannot move off the orbifold fixed point), 
one untwisted and one twisted, with charges whose sign is given by the same signs 
appearing in the representations (|5.77)) . We then see that a brane of type A and one of 
type B have the same charge under the sector twisted by gi, but opposite charge under 
the sectors twisted by 52 and g^. 

Since fractional branes of different types are of course mutually BPS objects, we 
can then think of constructing an A+B superposition, which will be charged under the 
sector twisted by gi (with a charge double with respect to a single fractional brane), 
but will not carry any charge under the other two twisted sectors. This means that 
such a superposition could freely move in the zi plane, which is left fixed by the action 
of gi. Such a movement will cause the breaking of the U{1) x U{1) gauge group of the 
theory living on the superposition down to U{1) via the Higgs mechanism, and the full 
theory can be recovered by introducing images under the orbifold action in the zi plane 
on the covering space, which is needed for the configuration to be invariant under the 
orbifold action. 

^Notice that there is a difference of a factor of 2 with respect to the C'^ /Z2 case considered in the 
previous chapter. This is due to the fact that in the present case the orbifold projector has an additional 
i factor. 
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(5.90) 




Figure 5.2: Moduli space of tlie AfHeck-Dine-Seiberg theory via fractional branes. a) A+B 
superpositions at arbitrary points of the zi plane, together with their images on the covering 
space, h ) The configuration which makes the "meson" matrix Mj proportional to the identity. 



Therefore, starting from our N branes of type A and Nf of type B, we can build 
Nf A+B superpositions and move them away from the origin at arbitrary points in 
the plane zi. The movement of the A+B superpositions is naturally interpreted as 
giving arbitrary vacuum expectation values to the "meson" matrix = Q^Qj, thus 
breaking the gauge group down to the U{N — Nf) theory living on the remaining N — Nf 
fractional branes of type A still placed at the origin. 

We therefore see that our D-brane construction has uncovered the correct classical 
moduli space of the Affleck-Dine-Seiberg theory in a very natural way |112j . as shown 
in figure 15.2b . Notice that the construction makes very clear that something drastic 
happens when passing from the case Nf < N to the one where A'^^ > N. In the latter 
case, all we have done is no longer valid and one is forced to look for some alternative 
description. 

How is the supergravity solution (|5.82j) modified when we form and move the A+B 
superpositions? For definiteness, let us place all Nf superpositions at the same point 
2;i = A on the real axis of the zi plane, as in figure 15.2b (the images will then be 
placed at the identified point zi = —A). This configuration makes the "meson" matrix 
proportional to the identity. Mi = vn?6]j, where m is related to A via A = 27r/s^ rn by 
the usual gauge/gravity identification. 

We will be interested in the new expression of the twisted fields 7j, which will be 
changed as follows: 



7i = "iK 



^ +(iV-Ar^)ln^ + 4i Nf In + <5i,i Nf In + ^ 



This implies that the flux of G3 along the Bi cycles is given by: 

— / d^ir.{N -Nf)\n^ + 6^,i2Nf \n — , 



(5.91) 



(5.92) 
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where we have used the usual integration path from figure I^TTl and we assumed po <C 
Pc ^ A7 The gauge couphng now reads: 



E/ G3 = -^(iV-A^,)ln^ + |^ln^, (5.93) 



9ym 87rgsii2TTlsy f^JB,, 
which in terms of the gauge theory scales becomes: 

— f AT I J 



9ym 



with p <^ m. The above coupling can be expressed in terms of the low energy effective 
unbroken U{N — Nf) theory as: 

(5,95) 

where the low energy scale is related to A and m via: 



3(7V-7V,) _ A3^'^/ ^ A3^-^/ 

m^^f det M 



We then see that the supergravity computation precisely reproduces, beyond the run- 
ning coupling constant, the expected matching of scales in the gauge theory |llUj . This 
concludes our analysis of the theory at the classical and perturbative levels. In the next 
subsection, we will instead turn to non-perturbative phenomena, with the computation 
of the effective superpotential. 



The Ajfleck-Dine-Seiberg superpotential 

The configuration of fractional D-branes on C^/7j2 x Z2 that we have been studying is 
able to give us information also on the non-perturbatively generated effective superpo- 
tential. In section we derived the Veneziano-Yankielowicz superpotential [HZj from 
the warped deformed conifold solution. In the case at hand, the supergravity solution 
we have at our disposal is not a smooth solution as the one in Rather, we are in 
a situation, the orbifold limit, where all cycles are shrinking, in a similar way to what 
happens in the singular conifold solution of Klebanov and Tseytlin jHSl- However, we 
have seen in section EI21 that the Klebanov-Tseytlin solution is sufficient for extracting 
the needed fluxes of G3, for the simple reason that they are precisely identified with 
the fluxes of the Klebanov-Strassler solution. The same fact is true for our case. No- 
tice however that this is not the case for the periods of the holomorphic three- form fi, 
which depend crucially on the details of the deformation of the geometry. Nevertheless, 
the geometric considerations which are necessary for getting the correct periods do not 
depend on the details of the classical solution, and we will see that one is able to obtain 
them also in the present case |112j . 

^ Again there are corrections to Ij5.92|l that, once interpreted in the gauge theory, look hke non- 
perturbative contributions analogous to the ones encountered in sections 15 . 1 1 and 15 . 21 
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We already derived the flux of G3 along the non-compact Bi cycles. The computa- 
tion of the flux along the Ai cycles is also easy since one has: 



1 

iK 



dY = 2Tri (iV - Nf) . (5.97) 



Let us now consider the periods of the holomorphic (3, 0)-form 0. As in the case 
of the conifold, in order to get sensible results it is necessary to deform the singular 
orbifold geometry. Let us start by noting that the C^/Z2 x Z2 orbifold can be described 
as the F(x, y, z,t) =0 hypersurface in C^, where: 

F = xyz + t^ . (5.98) 

In fact, the invariant variables are given by: 

x = zf, y = zl, z = zl, t = iziZ2Z3 , (5.99) 

whose engineering dimensions are then [x] = [y] = [z] = L^, [t] = . The simplest 
possibilty for a deformation of the complex structure, which also resolves the singularity 
completely, is given by the constant deformation: 

F{x,y,z,t) = xyz + t^ - f (5.100) 

(notice that = L^). In |108j . Berenstein has shown, via holomorphy considerations 
strengthened by a matrix model computation, that this is indeed the correct deformation 
to consider. He also showed that the deformation parameter ^ is related to the gaugino 
condensate S of the dual gauge theory, as we will argue below. We can then compute 
the holomorphic (3,0)-form: 

^ 1 / dx A dy A dz A dt dx A dy A dz , , 

U = (b = , (5.101) 

2^z/j.=o F - xyz 

Now, in order to compute the periods of Q along a specific Ai (or equivalently Bi) 
cycle, we define (with a little abuse of notation) x = zf,y = u + iv, z = u — iv and 
^2 = ^^/x, and compute: 

^ f dx Adu Adv f dx f du Adv 

n = -i = -i / ^ / = . 5.102 

We already met the last integral, and computed it in insert El on Dage ll25l We therefore 
have: 

fn = -i [ ^A7t4= = -4vrie [— = -STTi^ [ ^ . (5.103) 
J J y X \/ X J X J Zi 

The periods of $7 along the cycles Ai and Bi are then finally given by: 

/dz- 

— = 167r2^, (5.104) 
Zi 

n = -8.^^ r ^ = ^ein4, (5.105) 
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where in the latter we use the same cutoff pc that we used in the computation of the 
fluxes of G3, while now the lower limit of integration is given by an opportune power 
of the deformation parameter ^. 

We have now all the necessary ingredients to compute the effective superpotential 
of the gauge theory by using Vafa's formula ()5.55|) . Let us first summarize the fluxes 
we have found: 



1- [ G3 = 2m [N - Nf) , 



1 



1 

'iK 



Gs = (N - Nf) ln— + 6ii 2Nf In — 
B, Po ' Po 



167r2 
1 

167r2 



n = ^.. 



J- f l„i 

27ri 3 p] 



,3 ■ 



(5.106) 



The superpotential is given by: 

3 



W 



1 



1 



2^3 



E 

2 = 1 



Br 



n / G, 



Br 



{2ttI 



2\3 



3(A^ - iV/) - In ^ + 3(iV - Nf) i In ^ + 2Nf i In 



pc 

po 



A 

Po 



(5.107) 



We now re-express the geometrical quantities in terms of gauge theory quantities, by 
using again the "stretched string" gauge/gravity relation. Notice that the deformation 
parameter ^, due to its engineering dimensions, is naturally identifled by the relation 
with a dimension 3 operator in the gauge theory, namely the gaugino condensate S, in 
perfect analogy with the case of the conifold studied in section 15.21 In summary we 
have: 



Pc = 2t:Is p , 



Po 



27r/,2 A. 



A = 27r/,^ m , ^ = {2'kIs'^)^ S , (5.108) 



and we can write the gauge theory effective superpotential as: 
W^a = -{N -Nf) S In ^ - 2Nf S In 



m 
A 



(5.109) 



Though this result is correct, let us redeflne the scales in order to write it in a more 

"^/^A, m — > e^/^m, and we get: 



conventional way. The appropriate redefinition is A — > e 

S ' 



WeS ={N- Nf) 



5 — 5 In 



A3 



2Nf S In 



m 
A 



(5.110) 



which is precisely the Taylor- Veneziano-Yankielowicz superpotential |113j . At the min- 
imum we have: 

' \3N-Nf \ jv-ATf 

, (5.111) 



and we get the Affleck-Dine-Seiberg superpotential jlllj : 



Weff ={N- Nf) 



^3N-Nf 



{N - Nf) 



detM 



(5.112) 
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As an aside, notice that if Nf = the above results reproduce the Veneziano- 
Yankielowicz superpotential for pure M = 1 Super Yang-Mills theory ,97,, that we 
already obtained in section from the conifold solution: 



S 

S — S In — ^ 



(5.113) 



Its value at the minimum (where = A^) is Wyy = NA"^. Let us stress that this is not 
just a formal limit of the result obtained for Nf > 0, but rather one could start from the 
beginning by considering only N fractional branes of type I, and Vafa's formula would 
then yield, through the same computation we did above, the Veneziano-Yankielowicz 
superpotential. 

Another observation concerns the case in which Nf = N. The above results are still 
valid, since the brane interpretation is clear - all branes have formed A+B superpositions 
and there are no fractional branes (and thus no effective gauge theory) left. The result 
for the moduli space can be read from the superpotential ()5.11U() for Nf = N. The 
minimization procedure implies det M = A^-^, which is the correct result expected from 
gauge theory. 

We therefore see that our classical solution, together with some geometrical con- 
siderations, has been able to give us a big deal of information on the M = 1 AfSeck- 
Dine-Seiberg, at the classical, perturbative and even non-perturbative level. It would 
be very interesting to use this system of fractional branes to analyze SQCD also in the 
phase where Nf > N, where Seiberg duality is supposed to take place j^. Indeed a 
construction of Seiberg duality for quiver theories, which is deeply linked to the situa- 
tion we have studied, was presented in |114j with the implementation of quite formal 
methods, and it would be interesting to look for a precise dual supergravity description. 
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